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UNIQUE PRIME FACTORIZATION AND BICENTRALIZER PROBLEM 
FOR A CLASS OF TYPE III FACTORS 
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Dedicated to the memory of Uffe Haagerup 


Abstract. We show that whenever m > 1 and Mi ,..., M m are nonamenable factors in a large 
class of von Neumann algebras that we call C(ao) and which contains all free Araki-Woods 
factors, the tensor product factor Mi® - ■ -®Mm retains the integer m and each factor Mi up to 
stable isomorphism, after permutation of the indices. Our approach unifies the Unique Prime 
Factorization (UPF) results from [QP031 Hsl4] and moreover provides new UPF results in the 
case when Mi ,..., M m are free Araki-Woods factors. In order to obtain the aforementioned 
UPF results, we show that Connes’s bicentralizer problem has a positive solution for all type 
IIIi factors in the class C(ao) • 


1. Introduction and statement of the main results 

The first Unique Prime Factorization (UPF) results in the framework of von Neumann algebras 
were discovered by Ozawa-Popa in ()P03 i. Among other things, they showed that whenever 
m > 1 and are icc nonamenable bi-exact discrete groups [BOQ8] (e.g. Gromov 

word hyperbolic groups), the tensor product Hi factor L(Ti) (g> ■ ■ ■ ® L(r m ) retains the integer 
m and each IU factor L(Fj) up to unitary conjugacy and amplification, after permutation 
of the indices. Ozawa-Popa’s strategy [OPQ3 ] was based on a combination of Ozawa’s C*- 
algebraic techniques jQz03j via the Akemann-Ostrand (AO) property and Popa’s intertwining 
techniques [PoOU !Po03i . Very recently, the second named author in | jlsl4] further developed 
Ozawa-Popa’s strategy for von Neumann algebras endowed with almost periodic states and 
obtained the first UPF results in the framework of type III factors. He showed that whenever 
m > 1 and Mi,..., M m are factors associated with free quantum groups, the tensor product 
factor Mi ® • • ■ <g> M m retains the integer m and each factor Mj up to stable isomorphism, after 
permutation of the indices. For other UPF results in the framework of Hi factors, we refer the 
reader to ICKPI41ICSU111 iFUlfil EOTllSWIIj . 

In this paper, we prove UPF results for tensor product factors Mi® - ■ -®M m where Mi,. .., M m 
are nonamenable factors belonging to the class C(ao) defined below. As we will see, our approach 
unifies the UPF results from [QP03 ] and (Is 14] and moreover provides new UPF results in 
the framework of type III factors. Before stating our main results, we first introduce some 
terminology. We will say that a von Neumann subalgebra M C Ml is with expectation if there 
exists a faithful normal conditional expectation E m ■ A4 —> M. Two von Neumann algebras 
M and N are stably isomorphic if M ® B(^ 2 ) = N <8> B(£ 2 ). 

We next introduce the class C(ao) °f von Neumann algebras as the smallest class that contains 
all the von Neumann algebras with separable predual satisfying the strong condition (AO) in 
the sense of Definition 12.61 and that is stable under taking von Neumann subalgebras with 
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expectation. Without going into details, we simply point out that all known examples of von 
Neumann algebras satisfying Ozawa’s condition (AO) of |OzQ3| actually do satisfy the strong 
condition (AO) of Definition 12.61 Examples of von Neumann algebras satisfying the strong 
condition (AO) include amenable von Neumann algebras, von Neumann algebras associated 
with bi-exact discrete groups |BQ08] . von Neumann algebras associated with free quantum 
groups fpmiivvnHi and free Araki-Woods factors |Sh96 , Ho07 ], The class C(ao) is also stable 
under taking free products with respect to arbitrary faithful normal states (see Example 12.811 . 
By Ozawa’s result |OzQ3] . any von Neumann algebra M belonging to the class C(ao) is solid, 
in the sense that for any diffuse subalgebra with expectation A C M, the relative commutant 
A! 0 M is amenable (see also [VV05] ). In particular, any nonamenable factor M belonging to 
the class C(ao) P r ^ me i n the sense that whenever M = M\ (g> M 2 , there exists i £ {1,2} such 
that Mi is a type I factor. 

Our first main result is the following classification theorem for all tensor products of nona¬ 
menable factors belonging to the class C(ae>) w ith (possibly trivial) amenable factors. 

Theorem A. Let m,n > 1 be any integers. Let Mi,... , M m , N\., N n be any nonamenable 
factors belonging to the class C(ao)- Let Mq and Nq be any amenable factors (possibly trivial) 
with separable predual. 

Then the tensor product factors ■ ■ <8>M m and Nq^Ni®- ■ -(g) N n are stably isomorphic 

if and only if m = n, Mo and Nq are stably isomorphic and there exists a permutation a £ 6 n 
such that M a ^ and Nj are stably isomorphic for all 1 < j < n. 

We point out that Theorem [A] applies to all free Araki-Woods factors [Sh96j and hence provides 
many new non-isomorphism results in the framework of type III factors. In particular, when 
M = r(L 2 (R),A R )" is the type IIIi free Araki-Woods factor associated with the left regular 
representation Ar : R -A £7(L 2 (R)), we obtain that the tensor product type IIIi factors 

M® m := M® ...®M 

V * v y 

m times 

are pairwise non-isomorphic for m > 1. 

As we will see, Theorem El will be a consequence of a general UPF result for tensor products 
of nonamenable C(ao) factors. We need to introduce further terminology. We will say that a 
(j-finite factor M possesses a state with large centralizer if there exists a faithful normal state 
(p £ M* such that (M ¥ ’) / DM = Cl. Observe that by Connes’s results on the classification of 
type III factors [Co72j . all a -finite type IIIa factors, with 0 < A < 1, always possess a state 
with large centralizer while cr-finite type IIIo factors never do. Hence, a a-finite factor that 
possesses a state with large centralizer is necessarily either of type I n , with 1 < n < + 00 , or of 
type Hi or of type IIIa with 0 < A < 1. By Haagerup’s result [ Ha85, Theorem 3.1], a type IIIi 
factor with separable predual possesses a state with large centralizer if and only if M has a 
trivial bicentralizer. It is an open problem, known as Connes’s bicentralizer problem, to decide 
whether all type IIIi factors with separable predual have a trivial bicentralizer |H5S5] . We will 
provide in Section [3] a large new class of type IIIi factors with separable predual and trivial 
bicentralizer (see Theorem 13.71) . 

Notation. For any von Neumann subalgebras with expectation A, B C M, we will write 
A B if there exist projections p £ A, p' £ A' D M, q £ B and q' £ B' fl M and a nonzero 
partial isometry v £ M such that v*v = pp', vv* = qq' and vpApp'v* = qBqqf. 

Our second main result is a UPF theorem for tensor products of nonamenable factors belonging 
to the class C(ao) under the assumption that each non type I factor appearing in the ‘unknown’ 
tensor product decomposition possesses a state with large centralizer. More precisely, we prove 
the following result. 
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Theorem B. Let m,n > 1 be any integers. For each 1 < i < m, let Mj be any nonamenable 
factor belonging to the class C(ao)- F° r eac/i 1 < j < n, let Nj be any non type I factor that 
possesses a state with large centralizer. 

(1) Assume that 

Mi <g> • • • ® M m = Ni ® ® N n . 

Then we have m > n. 

(2) Assume that m = n and 

M := Mi <g> • • • <g> M n = Ni ® ■ ■ • (g> N n . 

Then there exists a unique permutation a G & n such that Nj ~ M for all 1 < j < 

n. In particular, M a ^ and Nj are stably isomorphic for all 1 < j < n. 

If Mi,... ,M n are moreover type III factors, then and Nj are unitarily conjugate 

inside M for all 1 < j < n. 

We refer to Theorem 15.61 for a more general UPF result dealing also with tensor products 
with amenable factors with separable predual. The proof of Theorem [B] follows Ozawa-Popa’s 
original strategy mm- However, unlike [IsT4] . we do not appeal to the Connes-Takesaki 
decomposition theory and we work inside the tensor product factor M = M\ <g> • • • (g> M m rather 
than inside its continuous core c(M). This is the main novelty of our approach compared to 
the one developed in [M4j . 

For this strategy to work, we prove a generalization of Popa’s intertwining theorem [Poflll 
IPo03| that allows us to ‘intertwine with expectation’ finite von Neumann subalgebras with 
expectation A C M into arbitrary von Neumann subalgebras with expectation B C M inside 
M (see Theorem 14.31) . Using this new intertwining theorem and exploiting the strong condition 
(AO), we can then locate finite von Neumann subalgebras with expectation in M that have a 
nonamenable relative commutant (see Theorem 15.II) . Using this ‘location’ theorem, exploiting 
the fact that all the factors N\,... ,N n possess a state with large centralizer and reasoning 
by induction over n > 1, we can finally locate all the factors N\,, N n inside M and prove 
Theorem [Bj 

Note that our approach consisting in working inside M rather than inside its continuous core 
c(M) allows us to remove the almost periodicity assumption that was necessary in fUTdl The¬ 
orem A]. Therefore, Theorem [B] above generalizes and strengthens jls!4l Theorem A] and 
moreover provides new UPF results when Mi,..., M m are free Araki-Woods factors |Sh96j . 
many of which have no almost periodic state (e.g. r(L 2 (R), Ar)"). We strongly believe that 
this novel approach will have further applications in the structure theory of type III factors. 

In order to apply Theorem [B] and to obtain classification results for tensor products of nona¬ 
menable C(ao) factors as in Theorem lAl we show that any nonamenable type III factor belonging 
to the class C(ao) possesses a state with large centralizer. This is our third main result. 

Theorem C. Let M be any nonamenable type III factor belonging to the class C(ao)- Then 
M possesses a state with large centralizer. 

Observe that any nonamenable factor M belonging to the class C(ao) is necessarily full by 
[HR141 Theorem A] and hence cannot be of type IIIo by |Co74l Theorem 2.12]. Therefore, we 
may assume that M is of type IIIi in the statement of Theorem O In that case, we first show 
that M has a trivial bicentralizer and then use Haagerup’s result |Ha851 Theorem 3.1] to deduce 
that M possesses a state with large centralizer (see Theorem 13.71 for a more general result). In 
order to show that M has a trivial bicentralizer, we prove several new results regarding the 
structure of bicentralizer algebras. 

First, for all cr-finite type IIIi factors (P, ip) endowed with a faithful normal state, we provide a 
very simple and yet very useful interpretation of the corresponding bicentralizer algebra B(P, tp) 
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in terms of ultraproduct von Neumann algebras (see Proposition E3D - Then using Ando- 
Haagerup’s result [AH121 Proposition 4.24], we show in Theorem 13.51 the following dichotomy 
result for the bicentralizer algebra B (P,tp), assuming moreover that P has separable predual : 
either B(P,ip) = Cl or B(P, tp) C P is a McDuff type IIIi subfactor (globally invariant under 
the modular automorphism group (erf)). Using this dichotomy result for bicentralizer algebras 
and Haagerup’s result |Ha851 Theorem 2.3] on amenable type IIIi factors, and exploting the 
fact that M belongs to the class C(ao) and hence is solid, we prove Theorem [Cj We point out 
that Theorem [C] and the more general Theorem 13.71 provide many new examples of type IIIi 
factors with trivial bicentralizer. 

Acknowledgments. The proof of Theorem 14.31 stemmed from several thought-provoking dis¬ 
cussions with Steven Deprez, Sven Raum and Yoshimichi Ueda. We are therefore very grateful 
to them for sharing their insights with us. We also thank Yoshimichi for his valuable comments. 
Last but not least, we thank the referees for carefully reading the paper and providing useful 
remarks. 
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2. Preliminaries 

For any von Neumann algebra M, we denote by Z(M) its center, by 11{M) its group of unitaries 
and by M* its predual. We say that a von Neumann algebra M is cr-finite if it possesses a 
faithful normal state cp £ M*. 

Ultraproduct von Neumann algebras. Let M be any u-finite von Neumann algebra. Let 
(I, <) be any nonempty directed set and U any cofinal ultrafilter on /, that is, for all io £ I, we 
have {i £ I : i > io} £ Id. When I = N, the cofinal ultrafilter U is also called a nonprincipal 
ultrafilter and we will use the standard notation U = oj. 

Define 

Zu(M) = {(xi)i £ £°°(I,M) : Xi —> 0 * -strongly as i —> U} 

M U (M) = (0 Ti)i £ M) : ( Xi )iZu{M) C Z U (M) and Z U {M) (a*)* C Z U {M)} . 

We have that the multiplier algebra J\A U (M) is a C*-algebra and Zu{M) C A i u (M) is a norm 
closed two-sided ideal. Following [Oc85j . we define the ultraproduct von Neumann algebra 
by M u = M u (M)/Zu{M). Observe that the proof given in | |Oc85l 5.1] for the case when I = N 
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and U = oj applies mutatis mutandis. We will simply denote the image of (xi)i £ M. U (M) by 
(. Xi) u £ M u . 

For all x £ M, the constant net (x)i lies in the multiplier algebra We will then identify 

M with (M + Xu{M))/Tu(M) and regard M C M u as a von Neumann subalgebra. The map 
E u : M u —>• M : (xi) u i —y c-weak lim,;_>.^ x% is a faithful normal conditional expectation. For 
every faithful normal state p £ M *, the formula p u = p o defines a faithful normal state on 
M u . Observe that p u ((xi) u ) = lim i^utp(xi) for all ( Xi) u £ M u . 

Let Q C M be any von Neumann subalgebra with faithful normal conditional expectation 
E Q : M —>• Q. Choose a faithful normal state p on Q and still denote by p the faithful 
normal state p o Eg on M. We have £°°(I,Q) C £°°(I,M), 2 u(Q) C Zu(M) and M U (Q) C 
M U (M). We will then identify Q u = M u (Q)/lu{Q) with ( M U (Q) + Zu{M))/Zu{M) and 
regard Q u C M u as a von Neumann subalgebra. Observe that the norm || • ||( v3 | (3 )w on Q u 
is the restriction of the norm || • || w to Q u . Observe moreover that (Eg(xj))j £ Zjj{Q) for 
all (xi)i £ Zk(M) and (E Q(xi))i £ M U {Q) for all (xi)i £ M U {M). Therefore, the mapping 
E Q u : M u —>• Q u : ( Xi) u i-A (Eq(xj)) w is a well-defined conditional expectation satisfying 
p u o E qu = p u . Hence, E qu : M u —> Q u is a faithful normal conditional expectation. 

We will be using the ultraproduct von Neumann algebra framework in Section [3] for I = N and 
in Section 0] for possibly uncountable directed sets I. For more on ultraproduct von Neumann 
algebras, we refer the reader to A1112 . BQ081 IOc85| . 

Modular theory. Let M be any von Neumann algebra. For any faithful normal semifinite 
weight on M, put 

:= {x £ M | <f>(x*x) < +oo} , 

f n 

m$ := (n$)*n$ = < x*yi \ n > l,Xj,j/j £ for all 1 < i < n 
l i= 1 

We will denote by L 2 (M, <J>) the L 2 -completion of n$ with respect to <L, by A$ : n$ —>• 
L 2 (M, <L) the canonical injection, by the modular operator, by the modular conju¬ 
gation on L 2 (M, <f>), and by (<rf) the modular automorphism group associated with <f>. We 
have xA$(y) = A $(xy) for all x £ M and all y £ n$. We will simply write ||z||$ := \J$>(x*x) 
for all x € n$. The Hilbert space L 2 (M, d>), together with its positive part and its modular 
conjugation is called the standard form of M and is denoted by (M, L 2 (M, <L), J$, The 
standard form is unique and does not depend on the choice of 4> thanks to [ Ha73l Theorem 2.3], 
The centralizer algebra M® is defined as the fixed point algebra of the modular automorphism 
group (af). For all a £ and all x £ m$, we have ax,xa £ m$ and 4>(ax) = <L(xa). 

Let A C M be any inclusion of u-finite von Neumann algebras with faithful normal conditional 
expectation E^ : M —> A and let pa be any faithful normal state on A. Put p := pa ° E^. 
Then we have crf\A = of A for all t £ R and hence af (A) = A and af (A 1 fl M ) = A! n M. Thus 
by [Ta03l Theorem IX.4.2], the inclusion A! fl M C M is with expectation. 

Basic construction. Let B C M be any inclusion of cr-fmite von Neumann algebras with 
faithful normal conditional expectation E# : M —>■ LL Fix a faithful normal semifinite weight 
<1 ?b on B and put := &b oE b- We simply denote by (M, IL, J, Cp) = (M, L 2 (M, <L), J$, 
the standard form of the von Neumann algebra M. 

We have a canonical inclusion L 2 (B, C L 2 (M, <L). The Jones projection e^ B : L 2 (M, <k) —> 

L 2 (B, &b) is defined by e^ s A$(x) := A$ s (Eb(x)) for x £ n$. By the condition o E b 

and the inequality Eb{x)*Eb{x) < E b(x*x) for all x £ M, we have that e^ B is well defined 
and satisfies (e^ 8 )* = e^ s = (e^ 8 ) 2 and e^ B xe^ B = E j e(x)e^ 8 = e^E^x) for all x £ M. 
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Observe that e^ B : L 2 (M, $) —> L 2 (B,&b) is nothing but the orthogonal projection from 
L 2 (M, <3?) onto L 2 (B,&b)- As we observe in Proposition IA.21 the Jones projection e^ B : 
L 2 (M, <3?) —>• L 2 (B, &b) does not depend on the choice of the faithful normal semifinite weight 
&B on B. Therefore, when no confusion is possible, we will simply denote the Jones projection 
by e B : L 2 (M) -A L 2 (5). 

The basic construction of the inclusion B C M is defined by 

(M, B) := (M, e B ) = ( JBJ )' n B (H). 

The basic construction (M,B) is uniquely determined by ^ and E# : M —> B. We refer to 
Sections [A] and [B] of the Appendix for more information on Jones basic construction and the 
dimension theory for semifinite von Neumann algebras. 

Operator valued weights. Let M be any von Neumann algebra. The extended positive cone 
M + of M is defined as the set of all the lower semicontinuous functions m : —> [0, oc] 

satisfying 

• m(ip + ip) = m(ip) + m{fr) for all ip, if £ M+, 

• m(\ip) = \m(tp) for all ip £ M+ and all A > 0. 

Let B C M be any von Neumann subalgebra. Recall that a map T: M + —> B + is an operator 
valued weight from M to B if it satisfies the following three conditions: 

• T(Ax) = AT (a:) for all x £ M + and all A > 0, 

• T(x + y) = T(x) + T(y) for all x, y £ M + , 

• T (b*xb) = b*T(x)b for all x £ M + and all b £ B. 

Let T : M + —> B + be any operator valued weight. Put 
ut := {x £ M | ||T(x*x)||oo < +°°}, 

rriT := (ht)*tit = ^ a?*2/* | n > 1 ,Xi,yi £ Ut for all 1 < * < n\ . 

Then T has a unique extension T: rrix —> B that is R-R-bimodular. In particular T extends 
to a conditional expectation if T(1 m) = 1 b- The operator valued weight T is said to be 

• faithful if T(x) = 0 x = 0, (x £ M + ), 

• normal if T(xj) T(x) whenever Xj x, (xj,x £ M + ), 

• semifinite if mx is <r-weakly dense in M. 

In this paper, all the operator valued weights that we consider are assumed to be faithful, 
normal and semifinite. For more on operator valued weights, we refer the reader to |Ha77al 
iHa77bl lKo85l f lLP96 j. The following two lemmas are well-known. 

Lemma 2.1. Let B C M be any inclusion of von Neumann algebras, T any faithful normal 
semifinite operator valued weight from M to B and $ any faithful normal semifinite weight 
on B. 

(1) The composition <h o T defines a faithful normal semifinite weight on M that satisfies 
(T <I >oT |^ _ a <\> 

(2) If T : M —>• B is moreover assumed to be a faithful normal conditional expectation, 
then there exists a canonical faithful normal semifinite operator valued weight T m from 
(M,B) to M given by TM(xe B x*) = xx*, where e B is the Jones projection of the 
inclusion B C M. 


Proof. For (1), see [Ha77al Proposition 2.3 and Theorem 4.7]. For (2), see |Ko85l. Lemma 
3.1]. □ 
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Lemma 2.2. Let B C M be any inclusion of von Neumann algebras, T any faithful normal 
semifinite operator valued weight from M to B. Let p £ B'dM be any nonzero projection such 
that T(p) £ B. 

Then there exists a projection z £ Z(B) such that q := zp £ Z(B)p is nonzero, the element 
qT(p )~ 1//2 is well defined and the map qM + q 3 qxq qT(p)~ 1 / 2 T(qxq) qT(jp)~ 1 / 2 £ B + q 
extends to a faithful normal conditional expectation from qMq onto Bq. 

Proof. Observe that we have T(p) £ Z(B). The spectral projection z £ Z(B) of T(p) £ Z(B) 
corresponding to the bounded interval [^HT^jUoo, HT^Hoo] is nonzero. Then zT(p) -1 / 2 £ 
Z(B) is well defined and pzT(p)~ 1 ^ 2 is nonzero since 

T(pzT(p) -1 / 2 ) = T(p)zT(p)- 1/2 = zT(p) 1/2 ± 0. 

Put q := pz and observe that q / 0 since qT(p)~ L / 2 / 0. 

Denote by E : qM + q -3 B + q the map as in the statement of the lemma. Then E is well-defined 
and bounded by q, since for all x £ M + , we have 

E (qxq) < qT{p)~ i/2 T^qllqxq^q) qT{p)- 1 / 2 = ||gxg||oo gT(p)" 1/2 T(p) qT{p)~ 1 / 2 = WqxqW^q. 

By construction, E is a normal operator valued weight from qMq to Bq. Denote by Zb'(p ) £ B 
the central support in B ' of the projection p £ B' C I M. Note that zb'{p)p = p and hence 
z B '(p)q = ZB'{p)pz = pz = q. The map E : qM + q -3 B + q is faithful since for all x £ M + , we 
have 

E (qxq) = 0 => pT(qxq) = 0 => zb' (p)T (qxq) = T (zB'(p)qxq) = T (qxq) = 0. 

Finally since E(g) = q, it is extended to a faithful normal conditional expectation from qMq 
onto Bq. This finishes the proof of Lemma 12.21 □ 

Remark 2.3. Let B C M be any unital inclusion of von Neumann algebras with faithful 
normal conditional expectation E b ■ M B. The proof of Lemma 12.21 above shows that 
for any nonzero projection p £ B’ fl M, there exists an increasing sequence (z n ) n of nonzero 
projections in Z(B)p (defined by z n := 1 i ^(E b(p))p £ Z(B)p) such that z n -3 p cr-strongly 
and the inclusion Bz n C z n Mz n is with expectation for all n £ N. 

We will also need the following useful fact. 

Remark 2.4. Let B C M be any unital inclusion of cr-finite von Neumann algebras with 
expectation. Then for every nonzero central projection z £ Z{B' n M), the unital inclusion 
Bz C zMz is with expectation. Indeed, choose a faithful normal state ip £ M* such that 
B is globally invariant under the modular automorphism group (erf). Observe that B' 0 M 
is also globally invariant under the modular automorphism group (erf). This implies that 
erf (z) = z for every t £ R whenever z £ Z{B' fl M). Define p z = £ ( zMz )*. Then 

we have af z {Bz) = af(B)z = Bz for every t £ R by [Co72l Lemrne 3.2.6]. This implies that 
Bz C zMz is with expectation. Observe that since Z(M) C Z{B' 0 M), the above result also 
applies to z £ Z(M). 

Added in the proof. Since the first version of this paper has been posted on the arXiv, 
there have been some developments related to Remarks 12.31 and 12.41 Indeed, it is showed in 
[HIJ151 Proposition 2.2] that for any inclusion of u-finite von Neumann algebra B C M with 
expectation and any nonzero projection p £ B' n M, the inclusion Bp C pMp is still with 
expectation. This result improves and supersedes the observations contained in Remarks 12.31 
and In the rest of the paper and for the sake of clarity and exposition, we will use the 
result from [HIJ151 Proposition 2.2] whenever we need it. 
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We finally recall the push down lemma originally due to Pimsner-Popa in the type Hi setting 
jPP84L Lemma 1.2]. This will play an important role in order to extend Popa’s intertwining 
techniques to the type III setting in Section [4j 

Lemma 2.5. Let B C M be any inclusion of von Neumann algebras with faithful normal 
conditional expectation E# : M —>• B. Denote by Tm the canonical faithful normal semifinite 
operator valued weight from ( M , B) to M and denote by the Jones projection of the inclusion 
B CM. 

Then for all x £ nx M , we have egx = cbAm^bx). 

Proof. See the proof of ILP961 Proposition 2.2]. We point out that the factoriality assumption 
on B and M in the statement of [ILP961 Proposition 2.2] is actually unnecessary. □ 

A strengthening of Ozawa’s condition (AO). Recall from [Oz()3| that a von Neumann 
algebra A4 C B(H) satisfies condition (AO) if there exist cr-weakly dense unital C*-subalgebras 
A C Ad and B C AT such that A is locally reflexive and such that the multiplication map 
v : A (g> a ig B —>• B(H)/Jt(H) : a <g> b i-a ab + K (H) is continuous with respect to the minimal 
tensor norm. 

In order to show Theorem [Bj, we will need to introduce a stronger notion than condition (AO) 
that behaves well with respect to taking tensor products. We will use the following terminology. 

Definition 2.6. Let M be any von Neumann algebra and (A4. H. .J. fp) a standard form for 
A4. We say that M satisfies the strong condition (AO) if there exist unital C*-subalgebras 
A C A4 and C C B (H) such that 

• A is exact and is a-weakly dense in A4, 

• C is nuclear and contains A and 

• The commutators [C, JAJ] := {[c, JaJ] : c € C,a € A} are contained in K (H). 
Remarks 2.7. We point out the following observations. 

(1) If B C B (H) is a nuclear C*-algebra, then B + K.(H) is also a nuclear C*-algebra, since 
it is an extension of B/(B ft K (H)) by K (H), both of which are nuclear C*-algebras. 
Hence in the definition above, we can always assume that C contains K (H). 

(2) It is not difficult to show that the strong condition (AO) of Definition 12.61 implies 
Ozawa’s condition (AO). In fact, by the last condition in Definition 12.61 the multiplica¬ 
tion map u: C ® a i g JAJ —» B(H)/K.(H) is a well-defined ^-homomorphism. It follows 
that v is continuous with respect to the maximal tensor norm and hence with respect 
to the minimal tensor norm by nuclearlity of C. The restriction of n to A (8> m in JAJ 
gives condition (AO) for M C B (H). 

(3) Under the additional assumptions that 

(a) C is separable and 

(b) [C,JCJ] C K (H), 

we can show that the strong condition (AO) implies the condition (AO) + introduced in 
|Isl3al Definition 3.1.1]. Indeed, we obtain continuity of the multiplication map v on 
C <8> m in JCJ, which is separable and nuclear, and hence by the lifting theorem [ CE761 . 
there is a ucp lift from C ® m i n JCJ into B (H). Assumptions (a) and (b) are easily 
verified for all the examples in Examples 12.81 below. 

Examples 2.8. We observe that all known examples of von Neumann algebras that satisfy 
Ozawa’s condition (AO) actually do satisfy the strong condition (AO) from Definition 12.61 

(1) Any amenable von Neumann algebra A4 (with separable predual) is AFD |Co75j . and 
hence we can find a a- weakly dense nuclear C*-subalgebra A C A4. Obviously, M 
satisfies the strong condition (AO). 
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(2) Any bi-exact discrete group T gives rise to the group von Neumann algebra L(T) that 
satisfies the strong condition (AO). This follows from [BQ081 Proposition 15.2.3 (2)] 
(see also the proof of (TsT3bl Lemma 3.1.4]). 

(3) Any free quantum group gives rise to a von Neumann algebra that satisfies the strong 
condition (AO) jVVOBl VV05j (see [Isl3bl Subsection 3.1]). More precisely, any quan¬ 
tum group in the class C in |Isl41 Definition 2.2.1 and Proposition 2.2.2] gives rise to a 
von Neumann algebra that satisfies the strong condition (AO). 

(4) Any free Araki-Woods factor |Sh96] satisfies the strong condition (AO) (see Theorem 

m- 

(5) The strong condition (AO) is stable under taking free products with respect to arbitrary 
faithful normal states. This follows from |[ OzQ41 Section 3] (see also [GJ071 Section 4] 
and [Isl3bl Proposition 3.2.5]). 

Let m > 1. For all 1 < i < m, let A ii be any von Neumann algebra with standard form 
(Mi, Hi, that satisfies the strong condition (AO) with corresponding C*-algebras A,; 

and Cj. Assume that the von Neumann algebra Mo with standard form (Mo, Ho, Jo,fPo) and 
separable predual is amenable and hence AFD by [Co75j . and assume that Aq = Co C Mo 
is a cr-weakly dense nuclear C*-algebra. Write (M,H,J,ty) for the standard form of M := 
Mo ® ® A A m , A .— Aq ®min ' ■ ■ ®min A m , C .— Lo Omin '' ■ Omin and 77 ■ — ff , 1 A,. where 
K-i is given by 

B(H 0 ) ®min ‘ ‘ * ®min B(-f7j— 1 ) ® m in K (Hi) O m in B(-ffj_|_i) ® m in ' ' ' ®min B(L7 m ). 

Since /Cj is a norm closed two-sided ideal in the C*-algebra B(i?o) <8>min ® m in B (H m ), it 
follows that J is a C*-algebra. The next proposition will be used in the proof of Theorem 15.11 
(see also ]QP03I Lemma 10] and |Isl4[ Proposition 3.1.2] for a similar statement). 

Proposition 2.9. Denote by M(J) C B (H) the multiplier algebra of J. The following 
assertions are true: 

(1) The C*-algebra C is unital and nuclear and the C*-algebra A is unital, exact and cr- 
weakly dense in M. 

(2) We have [C, JAJ} C J. 

(3) The multiplication map v: A ® a i g JAJ — > M(J)/J is continuous with respect to the 
minimal tensor norm. 

Proof. (1) It is clear that C is a nuclear unital C*-algebra and A C C is a unital, exact C*-algebra 
that is u-weakly dense in AL 

(2) For all 0 < i,j < m, we have [C t , JAjJ ] = 0 if i j and [Cj, JAjJ] C /Q C 77 if i = j, where 
K ,o := 0. Since the norm closed two-sided ideal generated by all [Cj, JAjJ] in M(J) contains 
[C, JAJ] and since J C M(J) is a norm closed two-sided ideal, we obtain [C, JAJ] C J . 

(3) Finally, the multiplication map C ® a i g JAJ —> M(J)/J is continuous with respect to the 

maximal tensor norm and hence with respect to the minimal tensor norm since C is nuclear. 
By restriction, we obtain that the multiplication map u: A<g> a ig JAJ —> M(J)/J is continuous 
with respect to the minimal tensor norm. □ 

Recall that the class of von Neumann algebras C(ao) is defined as the smallest class that 
contains all the von Neumann algebras with separable predual satisfying the strong condition 
(AO) in the sense of Definition 12.61 and that is stable under taking von Neumann subalgebras 
with expectation. Observe that using item (5) in Examples 12.81 it is easy to see that the class 
C(ao) is a l so stable under taking free products with respect to arbitrary faithful normal states. 

Proposition 2.10. Let M be any von Neumann algebra. The following assertions are true: 
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(1) If M belongs to the class C(ao)> then M ®M n and M <8>B(^ 2 ) belong to the class C( ao) 
for all n > 1. 

(2) If M (g)B(^ 2 ) belongs to class C( ao); then M belongs to the class C( ao)- 

(3) If M is a factor belonging to the class C(ao); then pMp belongs to the class Cjao) f or 
any nonzero projection p £ M. 

Proof. (1) Let At be a von Neumann algebra satisfying the strong condition (AO) and such 
that the inclusion M C M is with expectation. Let A C A4 and A C C be C*-algebras as 
in the definition of the strong condition (AO) for A4. Let H be any Hilbert space and Tr a 
canonical trace on B (H). Then since K(iL) Jx r K(iL) Jx r C K(L 2 (B(H), Tr)), it is easy to see 
that A <8> m in K (H) + an d C <8> m i n K (H) + satisfy the strong condition 

(AO) for M. <8> B (H). Moreover, the inclusion M <S> B (H) C M. <8> B(H) is with expectation. 
This shows that M ® B (H) belong to the class C(ao) f° r an y separable Hilbert space H. 

(2) Let M be a von Neumann algebra with separable predual satisfying the strong condition 
(AO) and such that the inclusion M <8> B(£ 2 ) C A4 is with expectation. Since the inclusion 
M C M <S> B(£ 2 ) is with expectation, we have that M belongs to the class C(ao)- 

(3) Let pGM be any nonzero projection. Observe that pMp (g) B (£ 2 ) = M ® B(^ 2 ). Since M 

belongs to the class C(ao)j so does M (g> B(£ 2 ) by item (1). Since pMp <S> B(£ 2 ) belongs to the 
class C(ao)> so does pMp by item (2). □ 

3. Structure of bicentralizer von Neumann algebras 

In this section, we show that the bicentralizer algebra as defined by Connes (see [Ha85] l has 
a simple interpretation in terms of ultraproduct von Neumann algebras. While this result is 
very elementary, it enables us to provide in Theorem 13.71 a new class of type IIIi factors with 
separable predual and trivial bicentralizer. 

Bicentralizer von Neumann algebras in the ultraproduct framework. 

Definition 3.1. Let M be any u-hnite von Neumann algebra and ip £ M* any faithful normal 
state. Let to £ /3(N) \ N be any nonprincipal ultrafilter on N. 

We define the asymptotic centralizer (resp. u-asymptotic centralizer) of p by 

AC {M,ip) := \(x n ) n £ I°°( N,M) | lim \\x n p - px n \\ = o) , 

AC u(M,p) := \{x n ) n £l°°(N,M) \ lim \\x n p - <px n \\ = o) . 

Here, for all a,b £ M, the normal form apb £ M* is given by ( apb)(x ) := p(bxa) for all x £ M. 
We define the bicentralizer (resp. co-bicentralizer) of tp by 

B (M,ip) = {a £ M | lim ||ax n - x n a\\ v = 0,V(x n ) n £ AC (M,ip)\ 

B bJ (M,p) = ia £ M j lim || ax n - x n a\\ v = 0,V(x n ) n £ AC aJ (M, p)\ . 

The following proposition shows that the bicentralizer B(M, p) as defined by Connes coincides 
with the w-bicentralizer p) for all oj £ /3(N) \ N. 

Proposition 3.2. Let M be any cr-finite von Neumann algebra and p £ M* any faithful normal 
state. Then for every oj £ j5{ N) \ N. we have 

B(M, p) = B lj (M, p). 
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Proof. The proof is essentially the same as the one of |Ha851 Lemma 1.2]. We include it for 
the sake of completeness. Since AC W (M, p ) is a unital C*-algebra, it is generated by its group 
of unitaries given by 

U(AC ul (M, p)) = ( {u n ) n £ t?°°(N, M) | u n £ U(M),\/n £ N and lim \\u n p — pu n | = o| . 

It follows that 

B u (M,p) = |a £ M I hm || au n - u n a\\ v = 0,V(u n ) n £ U(AC tJJ (M, 99 )) j 

and hence 

B U (M, ip) = |a £ M | Hm || u* n au n - a\\ v = 0,V(u n ) n £ W(AC^(M, (^))| . 


For all a £ M and all 5 > 0, define the a -weakly closed convex subset K. v (a,S) of M by 
JC(p(a, 8) = c o w {u*au \ u £ IA{M) and ||up — pu\\ < 5}. 

Define 

e(a, 8) = sup{||u*au — a\\ v \ u £ U{M) and ||wp — pu || < 5}. 

Since the map M i-a [0, +oo) : x i-A is u-weakly lower semicontinuous, we have ||x — a\\ v < 
e{a,8) for all x £ K v {a,8). 

Let a £ B u (M,p). Let x £ fl5>o^( a ^) = flneN ^<p( a » F+l)' For every n £ N, using 
the definition of e(a, ^rj)j we may choose a unitary u n £ U(M) such that \\u n p — pu n || < 
^q-j- and e(a, < \\u^au n — a||^ + Since u £ /3(N) \ N is nonprincipal, we have 

lim^-^ \\u n <p — pu n || = 0 and hence (u n ) n £ U(AC ul (M,p)). Since a £ B w (M,ip), we have 
lining ||u*au n - a\\ v = 0 and hence lim n ^ u e{a, = 0. Since x £ flneN^( a ’ ^yr)- we 

have ||x — < e(a, for all n £ N. This implies that ||x — a||^ < lim^-^ e(a, = 0 

and hence x = a. Therefore, a>oMM) = M- 

Conversely, let a ^ B U (M, p). Then there exists a sequence of unitaries (u n ) n £ U(AC u (M, (p)) 
such that lim n ^ w \\u n p — pu n || = 0 and e := lim n ^ w \\u^au n — a\\ v > 0. Next, define b : = 
(j-weak linin-Hj u* au n £ M. For every 5 > 0, we have {n £ N : \\u n <p — <pu n \\ < 5} £ u. Since 
{n £ N : || u n p — pu n || < 8} C {n £ N : u^au n £ JC v (a,8)}, we have {n £ N : u*au n £ 
1C v (a , 5)} £ uj. This implies that b £ JCp(a, 8) for all <5 > 0, that is, b £ n<5>o ^>( a > £)• We next 
show that b a. Indeed, observe that since lim^-^ \\u n p ~ pu n \\ = 0, we have 

lim ||u*au n ||^ = lim p(u*a*au n ) = p(a*a ) = ||a||^,. 

n—>LJ ^ ^ 

Since A^(w*cm n ) A ^(b) weakly, we then obtain 

^(A^(^)) Aw(fl))w — lim A^ 

n— 

= lim -(||<cm n ||£ + ||a||^, - ||<au n - a\\ 2 ) 

£ -r -r 'r 

ii 11 2 1 2 , n ii2 

Thus 6 / a and hence n<5>o ^( a ) 7^ ( a }- 

We have proved that a £ B U (M, ip) if and only if f\>o = l a }- Therefore a £ B U (M, ip) 

if and only if a £ B(M, <p) by |Ha85 . Lemma 1.2]. Thus B W (M, tp) = B(M, tp). □ 


From now on, we fix a nonprincipal ultrafilter u £ /3(N) \ N. Recall that for all (x n ) n £ 
AC u(M,<p), we have (x n ) n £ MP(M) and £ (M u )' 5 “ (see e.g. ]Hol4 . Proposition 2.4 

(2)])- 
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Proposition 3.3. Let M be any cr-finite von Neumann algebra and p £ M* any faithful normal 
state. We have B (M,p) = ((¥“)*’“)' n M. In particular, B (M,p) C M is a von Neumann 
subalgebra that is globally invariant under the modular automorphism group (erf). 

Proof. Thanks to Proposition 13.21 we have 

B (M,p) = \a £ M | lim \\ax n - x n a |L = 0,V(x n ) n £ AC u (M,p)\ 

= {a £ M | \\a(x n r - (x„) w o||^ = 0,V(x n ) w £ 

= ((jrf)'nM. □ 

Proposition 3.4. Let M be any cr-finite von Neumann algebra and (p £ M* any faithful normal 
state. Write if = p\b(m,<p)- Then 

B(B(M, p), if) = B(M, <£>). 

In other words, the von Neumann algebra B (M,p) is equal to its own bicentralizer with respect 
to the state (M<p)‘ 


Proof. Let (x n ) n £ AC(B (M,p),if), that is, lim^oo \\x n i> ~ = 0. Denote by 

E : M —> B (M, (p) the unique (^-preserving conditional expectation. For all x £ M, we have 

(x n p - px n )(x) = ip(xx n - x n x) 

= tp(E(xx n - x n x)) 

= p(E(x)x n - x n E(x)) 

= ip(E(x)x n - x n E(x)) 

= (Xn'if - ifx n )(E(x)). 

Therefore \\x n p - px n \\ M , < \\x n if - and so lim^oo \\x n p - px n \\ M , = 0, that 

is, (x n ) n £ AC (M,p). For all a £ B (M,p), we obtain lim^^oo ||ax n — x n a\\ v = 0 and hence 
a £ B(B (M,p),if). This implies that B(B (M,p),if) = B (M,p). □ 

From the previous propositions, we deduce a very simple and yet very useful dichotomy result 
for bicentralizer von Neumann algebras. We refer to |Co741 Theorem 2.9] for the definition of 
the asymptotic centralizer M u of a cr-finite von Neumann algebra M. 

Theorem 3.5. Let M be any type IIIi factor with separable predual and p £ M* any faithful 
normal state. Then either B (M,p) = Cl or B(M, tp) C M is a McDuff type IIIi subfactor 
with expectation. 

Proof. Since B (M,p) is globally invariant under the modular automorphism group (erf), it 
follows that B (M, p) C M is with expectation. Since B (M, p) = ((M u )v w )' C\M by Proposition 
13.31 and since (M")^ is a Hi factor by A1112 . Proposition 4.24], we have 

B(M, p)V\n( M ,P) = D M v C ((M u )^)'n = Cl. 

Therefore, either B (M,p) = Cl or B (M,p) is a type IIIi factor by [ AH 121 Lemma 5.3]. 

Assume that N := B (M,p) is of type IIIi and put if := <^|jv. By Proposition 13.41 we have 
N = B(N,if). This implies that N = (( N n A r and hence ( N c N' n N u . Since 
(N' n = N u by [ Co74 . Proposition 2.8] (see also A1112 Proposition 4.35]), we have 

( N UJ )^ ul C N u and hence = N u . Since ( N is a Hi factor by [AH121 Proposition 

4.24], N u is a Hi factor and hence N is McDuff by [Co751 Theorem 2.2.1], that is, N = N <g) R 
where R is the unique AFD Hi factor. □ 
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From the previous theorem, we deduce a new characterization of type IIIi factors with separable 
predual and trivial bicentralizer in terms of the existence of a maximal abelian subalgebra with 
expectation. 

Corollary 3.6. Let M be any type IIIi factor with separable predual. The following conditions 
are equivalent. 

(1) B(M, ip) = Cl for some or any faithful normal state p £ M*. 

(2) There exists a maximal abelian subalgebra A C M with faithful normal conditional 
expectation Ea : M —>• A. 


Proof. (1) =4> (2) By |Ha851 Theorem 3.1], there exists a faithful normal state p £ M* such that 
(M*y D M = Cl. Then by jPoBll Theorem 3.3], there exists a maximal abelian subalgebra 
A C M such that A C MR 

(2) => (1) Fix a faithful normal state r £ A* and put p = r o Ea £ M*. We have A C M v 
and hence B(M, p) C (M' 5 )' fl M C A! n M = A. Applying Theorem 13.51 it follows that 
B (M,p) = Cl. By [Ha85l Corollary 1.5], we obtain that B(M,R) = Cl for all faithful normal 
states if £ M*. □ 


Semisolid type IIIi factors have trivial bicentralizer. Recall that a von Neumann algebra 
M is solid if the relative commutant Q' fl M of any diffuse von Neumann subalgebra Q C M 
with expectation is amenable. We say that a von Neumann algebra M is semisolid if the 
relative commutant Q'nM of any von Neumann subalgebra Q C M with expectation and with 
no type I direct summand is amenable. Obviously, any solid von Neumann algebra is semisolid. 

Theorem 3.7. Let M be any semisolid type IIIi factor with separable predual. Then B(M, p) = 
Cl for any faithful normal state p £ M*. 

Proof. By contradiction, assume that there exists a faithful normal state p £ M* such that 
B(M, p) ^ Cl. Since B(M, p) C M is with expectation and M is semisolid, B(M, p) is 
semisolid. By Theorem 13.51 B(M, p) is a McDuff type IIIi subfactor with expectation. There¬ 
fore, we may replace M by B(M, p) and assume that M is a semisolid McDuff type IIIi factor 
with separable predual satisfying M = B (M,p) (see Proposition 13.41) . 

We have M = M ® R where R is the unique AFD IR factor. Since M is semisolid, we obtain 
that M = M (g) Cl = (Cl <g) R)' n (M <g> R) is amenable. Hence M is an amenable type HR 
factor with separable predual and nontrivial bicentralizer since M = B (M,p). This however 
contradicts |Ha85l Theorem 2.3]. □ 

Based on the 14e-type lemma |Va04l . Lemme 4.1], it was showed in [Ho08] that all the free Araki- 
Woods factors associated with separable orthogonal representations have a trivial bicentralizer. 
We point out that Theorem 13.71 above gives a new and more conceptual proof of this result and 
more generally shows that all the type HR factors that belong to the class C(ao) an d hence are 
solid, have a trivial bicentralizer as well. We can now prove Theorem [Cl 


Proof of Theorem [0 Any nonamenable factor M that belongs to the class C(ao) i s necessarily 
full by |HR14i Theorem A] and hence cannot be of type IIIo by |Co741 Theorem 2.12]. Therefore, 
using [Co72l Theoreme 4.2.6], we may further assume that M is of type HR. Since M belongs 
to the class C(ao)> AT is solid by (Qz03l IVV05] and hence semisolid. Combining Theorem 13.71 
with |Ha851 Theorem 3.1], we deduce that M possesses a state with large centralizer. □ 
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4. Popa’s intertwining techniques for type III von Neumann algebras 

To fix notation, let M be any (T-finite von Neumann algebra, 1a and 1b any nonzero projections 
in M, A C IaMIa and B C IbMIb any von Neumann subalgebras. Popa introduced his 
powerful intertwining-by-bimodules techniques in [PoOl] in the case when M is finite and more 
generally in [Po03| in the case when M is endowed with an almost periodic faithful normal 
state p> G M* for which 1a, 1b G A C IaM^Ia and B C IbM^Ib- It was showed in 
[HV121IIJel2j that Popa’s intertwining techniques extend to the case when B is semifinite and 
with expectation in IbMIb and A C IaMIa is any von Neumann subalgebra. 

In this section, we investigate a new setting in which A C IaMIa is any finite von Neumann 
subalgebra with expectation and B C IbMIb is any von Neumann subalgebra with expecta¬ 
tion. This situation is technically more challenging than the one studied in [HV121 IUel2j since 
B can possibly be of type III and hence the basic construction ( M , B) may no longer carry a 
faithful normal semifinite trace. Since we can no longer use the fact that B is semifinite as in 
[Uel2[ Proposition 3.1], we use instead, as in the proof of [ PoOl . Theorem A.l], the canonical 
faithful normal semifinite operator valued weight from (M, B) to M and exploit the fact that 
A is a finite von Neumann algebra. 

Main result. We will use the following terminology throughout this section. 

Definition 4.1. Let M be any cr-finite von Neumann algebra, 1 a and 1b any nonzero projec¬ 
tions in M, A C IaMIa and B C IbMIb any von Neumann subalgebras with faithful normal 
conditional expectations : IaMIa —>• A and Eb : IbMIb —>• B respectively. 

We will say that A embeds with expectation into B inside M and write A A m B if there exist 
projections e € A and / G B, a nonzero partial isometry v G eMf and a unital normal *- 
homomorphism 9 : eAe —>• fBf such that the inclusion 9(eAe) C fBf is with expectation and 
av = v9(a) for all a G eAe. 

It is important to observe that in the setting of Definition 14.11 both of the inclusions eAevv* C 
vv*Mvv* and 9(eAe) v*v = v* eAev C v*vMv*v are with expectation thanks to [HIJ15 1 Propo¬ 
sition 2.2]. 

Fix a standard form (M, H, J, <}}) for the von Neumann algebra M. Put B := B ® C(1m — 1b) 
and extend Eb : IbMIb —> B to a faithful normal conditional expectation E^ : M —» B. 
Denote by eg the Jones projection of the inclusion B C M, (M,B) = ( JBJ)' n B (H) the 
basic construction and T m the canonical faithful normal semifinite operator valued weight 
from (M,B) to M given by T M(xe^x*) = xx* for all x € M. Choose a faithful normal state 
<p G M* such that p> = (p o E^. 

Write B = B\ ® B 2 where B\ is the semifinite direct summand of B and B 2 is the type III 
direct summand of B. Fix a faithful normal semifinite trace Ttbj on B\ and denote by Tr 
the unique trace on {M, B)J1b 1 J satisfying Tr((x*e^x)JlB 1 J) = Mb 1 (Eb(1b 1 xx*1b 1 )) for all 
x G M as explained in Section [B] of the Appendix. 

Remark 4.2. We observe the following basic facts for the embedding A. Keep the notation 
A, B, M,Fja, and Eb as in Definition 14.11 

(1) In the definition of A B, we may relax the requirement that the nonzero element 
v G eMf is a partial isometry. Indeed, for e, /, 9 as in Definition 14.11 assume that 
there exists a nonzero element x G eMf such that ax = x9(a) for all a G eAe. Write 
x = v\x\ for the polar decomposition of x G eMf. Then for all a G U(eAe), we have 
v\x\ = x = ax9(a*) = av9(a*)\x\ and hence v = av9(a*) by uniqueness of the polar 
decomposition. Thus, v G eMf is a nonzero partial isometry such that av = v9(a) for 
all a G eAe. 
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( 2 ) Let p £ A or p £ A' (HaMIa and q £ B or q £ B' HIbMIb be any nonzero projections. 
Then pAp C pMp and qBq C qMq are with expectation (see [HU 15: . Proposition 2.2]). 
Moreover, pAp ■<m QBq implies that A -<m B. 

Let z % £ Z(A) and Wj £ 2(B) be any nonzero central projections such that 1a = 
Yhi z i and 1 b = J2j w j- Then A -Am B if and only if there exist i,j such that 
Azi -<m Bwj. Indeed, if A T m B with e,f,v,9 as in Definition 14.11 then there 
exist i, j such that ZiVWj ^ 0 and hence 6(ezi)wj 0. Observe that the unital in¬ 
clusion 9(eAezi)wj C 9(ezi)Bwj9(ezi ) is with expectation by Ill'll . Proposition 2.2], 
Then ezi,9(ezi)wj, z^Wj, 9(- Zi)wj together with item (1) above witness the fact that 
Azi <m Bwj. 

(3) Assume A B and take e, /, v, 9 as in Definition 14.11 Define the unital normal 
^-homomorphism if: eAe 9(eAe)v*v : a H > 9(a)v*v = v*av and let z £ Z(eAe) = 
Z(A)e be the unique projection such that ker (if) = eAe(e-z). Then up to replacing e by 
ez and 9 by 9j e Aez (n.b. the unital inclusion 9(eAez) C 9(ez)B9(ez ) is with expectation), 
we may assume that if is injective and moreover e§v 0 for any nonzero subprojection 
eo < e in A. In this case, we have eoAeo B for any nonzero subprojection eo < e 
in A (n.b. the unital inclusion 9(eoAeo) C 9(eo)B9(eo) is with expectation). 

(4) Let p £ A be any projection such that za(p) = 1 A where za(p) denotes the central 

support in A of the projection p £ A. Then A B if and only if pAp B. Indeed, 

assume that A B and take e,f,v,9 as in item (3). Since za(p) = 1, there exist 
nonzero subprojections eo < e and po < p that are equivalent in A. Since eoAeo B, 
we have poApo ^m B and hence pAp <m B. A similar statement for q e B with 
central support equals to 1b will be proved in Remark 14.51 

(5) Obviously, the condition A B does not depend on the choices of and E b- 
In Theorem 14.31 below, when A is finite, we give various characterizations of A -Am 
B , in which we use explicitely the faithful normal conditional expectation E^ and a 
fixed faithful normal semihnite trace Tr/^ on the semihnite direct summand B± of 
B. However, since the dehnition of A ^m B depends neither on Eg nor on Tr^, 
all the characterizations in Theorem 14.31 hold true for any faithful normal conditional 
expectation E^ : M —>■ H and any faithful normal semihnite trace TVs 1 on the semihnite 
direct summand B\ of B. 

Keep the same notation as in Dehnition 14.11 and moreover assume that A is hnite. We hx the 
following setup. 

Put A := A © C(1 m ~ 1 a) an d extend E^ : 1 ^M 1_4 —> A to a faithful normal conditional 
expectation Ejj : M —»• A. Choose a faithful normal trace tj £ (A)* and put T := t^-oE^oTm- 
Observe that T is a faithful normal semihnite weight on ( M,B ), 1 a £ (M^B)^ and A C 
1 a(M, B^l 4 . The main result of this section is the following generalization of [PoOl , Theorem 

at]. 

Theorem 4.3. Keep the same notation as in Definition \4.1\ and assume that A is finite. Then 
the following conditions are equivalent. 

(1) A B. 

(2) At least one of the following conditions holds: 

(a) There exist a projection e £ A and a finite trace projection f £ B\, a nonzero 
partial isometry v £ eMf and a unital normal *-homomorphism 9 : eAe —> fB\f 
such that av = v9(a) for all a £ eAe. 

(b) There exist projections e £ A and f £ B 2 , a nonzero partial isometry v £ eMf 
and a unital normal *-homomorphism 9 : eAe —> /H 2 / such that the inclusion 
9(eAe ) C /H 2 / is with expectation and av = v9(a) for all a £ eAe. 
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(3) There exist n > 1, a projection q £ B ® M„, a nonzero partial isometry w £ (1^ <g> 
ei i i)(M <g> M n )g and a unital normal *-homomorphism ir: A —> q(B ® M n )q such that 
the inclusion 7 r(A) C q{B (g) M n )g is with expectation and (a < 8 > ln)^ = wir(a) for all 
a € A, where {e.i,j)i<i,j<n is a fixed matrix unit in M n . 

(4) There exists no net of unitaries in U(A) such that E s(b*Wia) —> 0 in the a-*- 

strong topology for all a, 6 £ IaA'IIb- 

(5) For any a-weakly dense subset X C M, there exists no net of unitaries inU(A) 

such that Es(b*Wia ) -A 0 in the a-strong topology for all a,b £ IaXIb- 

(6) There exists a nonzero positive element d £ A' n 1 a{M, B)1a such that 

dlAJl-BJ = d, Tr(dJ1 b 1 J) <+oo and Tj^(dJlB 2 J) G 

Before proving Theorem 14.31 we first recall a simple lemma that we will need for the proof of 
Theorem l4~3l 

Lemma 4.4. Let Ai be any von Neumann algebra and 0 any faithful normal semifinite weight 
on Ai. Then the map x i-a A© (re) is a-weak-weak continuous from 17 := {x £ Ai | &(x*x ) < 1} 
to L 2 (M, 0). 

It follows that if C is a a-weakly closed convex subset of Ai that is both bounded for the uniform 
norm and for the || • || Q-norm, then A©(C) is || • ||©-c/osed in L 2 (A4,0). 

Proof. Let Xi £ Q be a net converging to x £ fl in the <r-weak topology. We show that (A© (x — 
Xi),i])e converges to zero as i —> oo, where r/ £ L 2 (A4, 0) is of the form p = J©cr® 2 (a) J© A©( 6 ) 
for some analytic element a £ A4 with Q(a*a ) < +oo and some b £ Ad with 0(6*6) < +oo. 
Note that since the subspace spanned by such elements 77 is || • ||©-dense in L 2 (A4, 0) and since 
the vectors A©(x — xf) are bounded in L 2 (A4, 0), this will indeed prove that A©(x — Xi) -A 0 
weakly in L 2 (A4, 0) as i 00 . 

We have 

(A©(x - Xi), J e af /2 (a)J e A©( 6 ))© = (J e a% /2 (a*) J© A©(x - xf), A©( 6 ))© 

= (A©((a: - Xi)a),A e (b)) e 
= ((x — aii)A©(a), A©( 6 ))© —> 0 as i —> 00 . 

Next, let C be a tr-weakly closed convex subset of A4 that is both bounded for the uniform 
norm and for the || ■ j|©-norm. Then since C is cr-weakly compact and since the map given 
in the statement is cr-weak-weak continuous, A©(C) is weakly compact and hence is weakly 
closed in L 2 (A4,0). Since A©(C) is a convex set, it is || • ||©-norm closed in L 2 (A4,0) by the 
Hahn-Banach separation theorem. □ 

Proof of Theorem \4-3\ (1) (2) By Remark 14.21 121. we have either A <m B\ or A B 2 . 

Since the condition A Pm B 2 exactly means (2-b), we only need to show that if A B 1 , then 
Condition (2-a) holds. Let e,f,v,9 witnessing the fact that A Pm B\. Fix a faithful normal 
trace r £ (0{eAe)®C(lB 1 — /))* and denote by E : B\ —> 6{eAe)®C(\B 1 — /) a faithful normal 
conditional expectation. Define the faithful normal state 4> = r o E £ ( B \)*. There exists a 
positive nonsingular element T £ L 1 (Bi,Ttb 1 )+ such that </> = Tr b 1 (-T). Denote by D C B\ 
the abelian von Neumann subalgebra generated by \T lt : t £ R.}. We have {Bf)^ = D' n B\ 
and hence 9(eAe) 0 C(1bi — /) C (B 1 )^ = D’ D B\. We may then choose a nonzero large 
enough finite trace projection fi £ D of the form fi = Li + 0 O )(T) for some k > 1 such that 
v fi 7 ^ 0. So, up to replacing / by ff\, v by vf\ and 9 by 9f\ and using Remark 14.21 1 1). we 
may assume that the projection f £ B 1 is of finite trace and that the nonzero partial isometry 
v satisfies v £ eMf. Observe that since fB\f is finite, the unital inclusion 9(eAe) C fB\f is 
with expectation. 
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(2) =>■ (1) It is obvious. 

(1) =>- (3) Let e,f,v,6 witnessing the fact that A B as in Remark 14.21 (3). Since A is 
finite, [KR.971 Proposition 8.2.1] implies that there exist n > 1 and nonzero pairwise equivalent 
orthogonal projections ei,... ,e n £ A such that e\ < e and r = Yli =l e * ^ -2(-A). Observe that 
e\v ^ 0 by the choice of e £ A as in Remark 14.21 (3). For every 1 < i < n, let Ui £ A be a 
partial isometry satisfying u*Ui = e\ and UiU* = e t . Put q = Diag(#(ei)),, w = [u\v ■ ■ ■ u n v\ £ 
(1 a 0 ei ) i)(M 0 M n )g and 7 r : A —> q(B 0 M n )q : x eA [9(u*xiij)\ij. Note that w ^ 0. We 
have (a 0 l n )w = wir(a) for all a £ A. Observe that the unital inclusion 6{e\Aei) 0 C(1b — 
Q(e i)) C B is with expectation and so is the unital inclusion (Q(eiAe{) 0 C(l# — 0(ei)))0M ?t C 
B 0 M ?t . This implies that q ((6(e\Ae{) © C(1b — 0(ei))) 0 M n ) q C q(B 0 M ?t )g is with 
expectation. Since the inclusion n(A) C q ((0{e\Ae\) 0 C (1 b — 0(e{))) 0 M n ) q is unital and 
q ((Q(e\Ae{) © C(l# — 0(ei))) 0 M n ) q is finite, this implies that the unital inclusion n(A) C 
q(B 0 M n )g is with expectation. 

(3) => (4) Let n,w, ir as in (3). Denote by tr n the normalized trace on M n . Put ip n := 99 0 tr n 
on M 0 M n . Suppose by contradiction that there exists a net of unitaries (ui)i in U(A) as in 

(4) . Then we have 

||Eb®m„(u>*u;)||^ = lk(«i) E R®M„(w’ i ‘w)|| ¥ ,„ 

= ||E B0 M n (7r(ui)w*w)|| ¥ ,„ 

= 0 l n )w)W Vn -A 0 as i -A 00 . 


Thus, we obtain EBaM n (w*vj) = 0 and hence w = 0, which is a contradiction. 


(4) => (5) We prove the implication by contraposition using ultraproduct techniques. Let X C 
M be a c-weakly dense subset and (rc?;)?;g/ a net of unitaries in U(A) such that E B (b*Wia) -A 0 
in the cr-strong topology as i —> 00 for all a,b £ 1 aX 1 b . Fix a cofinal ultrafilter U on the 
directed set I. We will be working inside the ultraproduct von Neumann algebra M u . Recall 
that M C M u is a von Neumann subalgebra with faithful normal conditional expectation 
E u : M u -A M (see Section [2] for further details). 


Since A is a finite von Neumann algebra, the uniformly bounded net defines an element 

W = (wi) u £ (A) u . Since A C M (resp. B C M ) is a von Neumann subalgebra with 
expectation, it follows that (A) u C M u (resp. ( B) u C M u ) is a von Neumann subalgebra with 
expectation. We then have W = (wi) u £ ( A) u C M u and E ^ u (b*Wa) = (E ^{b*Wia)) u for 
all a,b £ IaMIb- Since U is a cofinal ultrafilter on the directed set I, for all a,b £ IaXIb, we 
have 


E(^ )U (b*Wci) = lim \\E^{b*Wia)\\ v = lim ||E B ( 6 *u;ja)|| ¥ , = 0 

V ' ip u i^tU i^rU 

and hence E^ u (b*Wa) = 0. Since E^. w is moreover normal, we obtain E ,^ u {b*Wa) = 0 for 
all a,b £ IaMIb- This means that 


Rn \\E B {b*Wia)\\l = lim ||E 5 (&*w i a)||J, = ||E (5)M (6*Wa)||J )M = 0 

for all a,b £ 1 aM 1 b . Therefore, for every e > 0 and every finite subset T C IaMIb, there 
exists i = i{e,F) £ I such that \\EB(b*Wia)\\\, < e for all a,b £ T. 

(5) => ( 6 ) Consider the u-weakly dense subset X C M defined by 


X = {M(p + (1 m — Iri)) I P G B\ is a finite trace projection}. 

By assumption, there exist <5 > 0, a finite trace projection p £ B\ and a finite subset T C 
1 aM(p + 1 b 2 ) such that 

£ \\E B (y*wx)\\l>5,\/w£U(A). 

x,y&T 
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Put do ■■= y e §y* € (1 a(M,B) 1 a )+ and observe that T M (do) = 

and Tr(d 0 JIb-^J) = Yhy&T^B^B^B^ylBx)) < +oo. We also have d 0 1 a JIbJ = d 0 , since 

1b G Z(B) and e§ JIbJ = egl#. 

Denote by K, the a-weak closure in 1a(M, B)1a of the convex hull of the uniformly bounded 
subset {w*dow \ w G U(A)} C (1a(M, B)1a) + , that is, 

/C := co w {w*dow | w G U(A)} C (1 a (At, B)1 a) + ■ 

Then /C is uniformly bounded. Observe that for all y G ( M,B ) + , we have y*y = y^^yy 1 ^ 2 < 
y 1/2 ||y||ooly 1/2 = IMUd and hence ||y||* = T^y) 1 / 2 < (||y|| 00 ) 1/2 'I'(y) 1 / 2 . By item (1) 
in Lemma 12.11 we have <t^|^ = < 7 t a oE a|^- = idjj. This implies that 'L(y) = 'L(do) for all 
y G co{tt>*dou> I ui € U(A)}. We claim that /C is bounded in || • ||^-norm by (||do||oo) 1 ^ 2 'I'(do) 1 ' /2 - 
Indeed, let x G /C and choose a net (xfji^i in co{u>*dou! I w G Z7(A)} such that x* —>■ x a- weakly. 
Since Vk(xj) = 'L(do) for all i G I and since the weight T is cr-weakly lower semi-continuous on 
(M,B) + by [TaO.T Theorem VII.1.11 (iii)J, we have 

'L(x) < liminf T(xj) = 'L(do). 
iei 

This implies that ||x||<j < (||x|| 00 ) 1//2 'I'(x) 1 / 2 < (||do||oo) 1//2v I / (do) 1//2 < +oo. 

Using Lemma 14.41 we may regard /C as a closed convex bounded subset of L 2 ((Af, B), 'L). 
In particular, there exists a unique element d G 1C of minimal || • ||^-norm. We still have 
d 1a JIbJ = d. Since A C 1a(M, B)^ 1a, we have ||u/ = ||d||^ for all w G U(A). 

Thus, by minimality of the || • ||^-norm, we have wdw* = d for all w G 14(A) and hence 
d G A' n 1 a {M,B) 1 a . 

We first show that d / 0. Indeed, for all w G U(A ), we have 

’^2(w*d 0 wA ip (x),A ip (x)) ip = ^ (egA tp (y*wx),A ip (y*wx))< p = ^ ||E B (y*u;x)|| 2 > A 

x&T x.ydT x,ydT 

By taking convex combinations and er-weak limits, we obtain YlxeF^A^x ), A^(x)) ¥ , > 5 and 
hence d / 0. 

We next show that Tr(d Jl^ J) < +oo. Indeed, for all w G li{A ), we have 

Tr(u;*dorc J1b 1 J) = Tr((rc Jl^d)* JqJ1b 1 J (w J1 b 1 J)) = Tr(do <71^ J) 

and hence Tr(y Jl^J) = Tr(do Jl^J) for all y G co{u;*doin | w G 14(A)}. Let (xj)j € / be 
any net in co{w*dow \ w G U(A)} that converges to d G /C in the er-weak topology. Since 
Tr( • J1b x J) is cr-weakly lower semi-continuous on ((M, B)J1b 1 J) + by ITaOMl. Theorem VII. 1.11 
(iii)], we have 

Tr(d J1b 1 J) < liminf Tr(xj Jl^j J) = TY(do J1 _BjJ) < +oo. 
i£l 

We finally show that T^(d J1 b 2 J) G IaMIa ■ This will be a consequence of the next claim. 
Claim. We have f(TM(d)) < ||0|| ||Tm( do)||oo for all normal positive linear functionals f G Ad*. 

Proof of the Claim. We fix a normal positive linear functional (f> G AT* and observe that 
is a normal semifinite weight on ( M,B). Let (xj)j g / be any net in cojuAdou; | w G 14(A)} that 
converges to d G /C in the cr-weak topology. Since cj>(T m(xi)) < ||</>|| ||TM(do)||oo for all i G I 
and since o T m is cr-weakly lower semi-continuous on ( M,B) + by [Ta031 Theorem VII. 1.11 
(iii)], we have 

(foT M )(d) < hmmi((/)oTM)(xi) < ||<()|| ||T M (d 0 )|| oo . 
iei 


This finishes the proof of the claim. 


□ 
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Recall that any normal linear functional 0 £ M* has a unique decomposition 0 = (0i — 
0 2 ) + i(03 — 0 4 ) where 01,02,03,04 £ Af* are normal positive linear functionals such that 
1101 - 021| = 11011| + 1102 1| and 1103 - 04 1| = 1103 II + || 04 1|• By the Claim, we obtain 
|0(T M (d))| = |(0i(T M (d)) - 0 2 (T M (d))) + i(0 3 (T M (d)) - 0 4 (T M (d))| 

< (ll^lll + II02|| + ||03 || + 11041|) ||Tm (do) 11 c« 

= (1101 - 021| + ||03 - 04||)||T M (do)||oo 
<2||0|| ||T M (d 0 )||oc. 

Therefore, we obtain Tm(^) £ (Af*)* = M and hence Tm(^) £ IaA/I^. In particular, we have 
T M (dJlB 2 J) £ IaMIa- 

( 6 ) => (2) Take a nonzero spectral projection p of d such that p < Xd for some A > 0. Then 
p satisfies exactly the same assumption as d , namely pIaJ^bJ = p, Tr(p J1b 1 J) < +00 and 
Tm(p J1_b 2 J) £ Since p = p JIbJ, we have either pJls 1 J / 0 or p-J1b 2 J 7 ^ 0 . 

We first assume that p J\b x J / 0. Since Tr^ is semifinite, there is a Tr^-finite projection 
qo £ B\ which is sufficiently close to 1 b x - We can particularly choose qo such that pJqoJ / 0. 
Note that this is equivalent to pJzJ / 0, where z := zs 1 (qo) denotes the central support in B\ 
of the projection qo £ B\. 

Here we claim that the right dimension of the nonzero A-qo-BiO'o-bimodule pJqoJL 2 (M, (p) with 
respect to (qoB\qo, TrB 1 (qo • qo)) coincides with Tr(pJzJ), so that it has a nonzero finite value. 
To see this, put q\ := lg — z, q := qo + q\ € B and observe that zg(g) = lg = 1 m and zq = qo- 
Then we apply Proposition IB. Ilf 2) and obtain that 

dd-n {qoBq0) T lB{qo . qo ))pJqoJL 2 (M,p) = Tr {M§)JzJ (pJzJ), 

where Tr mjzJ un ique Race on (M,B)JzJ from Proposition lB.il Since T '^imb)JzJ = 

TV on (A/, B)JzJ by uniqueness (see Proposition lB.il ll and Remark IB. 41) . this shows the claim. 

Thus, we obtain a nonzero A-qo-Bi^crsubbimodule of L 2 (M, tp) such that its right dimension is 
finite, where qo £ B 1 is a Tr^-finite projection. Then we can proceed as in the proof of [ |Uel2 , 
Proposition 3.1 (i) => (ii) (iii)] (see also 11\~ 12 . Theorem 2.3 (2) => (1)]) and we deduce that 
A q$Biqo- This implies (2-a). Observe that we have proved the following fact. 

Fact. Assume that there exists a nonzero positive element d £ A' n 1a{AI, B)1a such that 
d = dl .4 J1b 1 J and Tr(d) < + 00 . Let qo be a projection in B\ such that TV/^ (qo) < + 00 . If 
d JzB 1 (qo)J 7 ^ 0, then we have A qoBiqo- 

We next assume that pJls 2 J / 0 . Up to replacing p by p J1b 2 J, we may assume that 
p = p J1b 2 J ■ Applying Lemma f 2 . 2 l to the inclusion A C 1 a (AT, B)1a and to the faithful normal 
semifinite operator valued weight E a 0 Tm( 1 a • 1 a), up to replacing the nonzero projection p 
by the nonzero projection zp for some nonzero central projection z £ Z(A), we may further 
assume that the inclusion Ap C p(M, B)p is with expectation. 

Since (AT, B)J1b 2 J = JB 2 J is a type III von Neumann algebra and since the central sup¬ 
port in JB' 2 J of the projection eg J1 _b 2 J = egls 2 is equal to J1b 2 J, we have p < egl # 2 in 
(M, B)J1b 2 J by IKR97. Theorem 6.3.4], Let V £ (Af, B)J1b 2 J be a nonzero partial isometry 
such that V*V = p and VV* < egls 2 . Note that VV* £ eglB 2 (M, B)e^ls 2 = Reg 1b 2 = B 2 
and so we can write it as VV* = /eg ~ / for some nonzero projection f £ B 2 . Then we have 

Ad (V):p(M,B)p ^ Vp(M, B)p V* = fe s (M,B)feg = fB 2 fe § - fB 2 f. 

Since p £ A' n 1 a(AT, B)1a and p = V*V, the map 9 : A —> fB 2 f : x i-a VxV* defines a unital 
normal ^-homomorphism. Observe that since the inclusion Ap C p(M, B)p is with expectation 
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and since V*V = p and VV* = fe B — /, so is the inclusion 

0(A) = VAV* = V ApV* C Vp(M, B)q V* = fB 2 f. 

Since V*V = p <E A! n 1a{M,B)1a, we have 6(a)V = Va for all a € A. Since V*V = p and 
T m(p) £ M, we have V £ tvr M - Since V = egK and e B € n T M , we also have V £ rriT M - We 
may then apply T m to the equation 9(a)V = Va and we obtain 9(a)TM(V) = T m(V)o, for all 
a £ A. Since V = e^V = egT m(^ b V) = egT m(V) by Proposition 12.51 and since P / 0, we 
have Tm(V) ^ 0. Finally, writing T m(V) = v*\Tm(V)\ for the polar decomposition of T m(V) 
in M, by Remark 14.21 (11 we obtain (2-b). This concludes the proof of Theorem 14.31 □ 

Remark 4.5. Keep the same notation as in Definition 14.11 Let q £ B be any projection such 
that zs(q) = 1 b where zs(q) denotes the central support in B of the projection q £ B. Then 
A B if and only if A Pm qBq. 

Indeed, by Remark 14.21 12b we may assume that B is either semifinite or of type III. The 
second case is trivial since q and zs(q) = 1 b are equivalent in B. So, we may assume that 
B is semifinite. By definition of the embedding A Pm B , only the semifinite direct summand 
of A can be embedded with expectation into B inside M. Therefore, using Remark 14.21 (41. 
we may further assume that A is finite. Since B is semifinite, there exists a finite projection 
qo < q in B such that zs(go) = 1- Let us fix a faithful normal semifinite trace Tr on B : = 
B © C(1 m — 1 b) such that Tr(go) < +oo. Since A Pm B, one can take a nonzero positive 
element d £ A' fl 1a{M, B)1a as in Theorem 14.31 (61. Since d Jzs(qo)J = d ^ 0, we can use 
the Fact in the proof of (6) => (2) in Theorem 14.31 to obtain that A Pm QoBqo■ Thus, we have 
A P M qBq. 

In the next lemma, we study the effect of taking tensor products. 

Lemma 4.6. Let M and N be any a-finite von Neumann algebras, 1 a and 1 b any nonzero 
projections in M, A C IaMIa any finite von Neumann subalgebra with expectation and B C 
IbMIb any von Neumann subalgebra with expectation E# : IbMIb —>■ B. We will simply 
denote by B © N the von Neumann subalgebra of (1b © 1n)(M © N)(1b © Ijv) generated by 
B © Cljv and CIb © N. 

The following conditions are equivalent: 

(1) A <m B. 

(2) A © Cljv —M~®N B © Cljy. 

(3) A © Clw diMgjN B © N. 

Proof. It is obvious that (1) =4- (2) =4- (3). 

(3) =4> (1) By contraposition, we assume that A ^m B and we show that .A©C1 at ^±m®n B®N. 
By Theorem 14.31 (4), there exists a net of unitaries (wf)i^i in U(A) such that E B(b*Wia) —> 0 
u-strongly as i —> oo for all a, b £ IaMIb- Observe that the mapping 

E B ® N ■ (Is © 1jv)(M © IV)(ls © In) ->■ B © N : b © y E B (b) © y 

defines a faithful normal conditional expectation. Put Vi = Wi<S> ljv £ U(A® Cljv) for all i £ I. 
For all a, b £ IaMIb and all x,y £ N, we have V B -^ N ((b © y)*Vi(a © x)) = E B(b*Wia) © y*x 
and hence E B ^ N ((b<g>y)*Vj.(a<g>x)) 0 cr-strongly as i —> oo. By Theorem 14.31 (5b this implies 

that A © Cljv B © N. K1 

The next corollary will be useful in the proof of Theorem 15.11 below. 

Corollary 4.7. Let M be any von Neumann algebra with separable predual, 1 a and 1 B n 
(n £ N) any nonzero projections in M, A C IaMIa any finite von Neumann subalgebra 
with expectation and B n C 1 B n M1 b u any von Neumann subalgebra with expectation for all 
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n £ N. If A B n for all n £ N, then there exists a diffuse abelian von Neumann subalgebra 
Aq C A such that Aq m B n for all n £ N. 

Proof. Since M is assumed to have separable predual, the net that appears in item (5) of 
Theorem 14.31 for A ^~m B n can be taken to be a sequence for all n £ N. Then the proof of 
jBQ08l Corollary F.14] applies mutatis mutandis. □ 

Further results. In this subsection, we gather various useful facts and permanence properties 
of the symbol A Pm B when A C IaMIa and B C IbMIb are any von Neumann subalgebras 
with expectation. We start by studying the effect of taking unital subalgebras of A. 

Lemma 4.8. Let M be any a-finite von Neumann algebra, 1 a and 1 b any nonzero projections 
in M, A C IaMIa and B C IbMIb any von Neumann subalgebras with expectation. Let 
D C A be any unital von Neumann subalgebra with expectation. If A Pm B, then D Pm B. 

Proof. Write 1 a = 24 + 22 with central projections 24,22 £ 2(A) such that Az\ is semifinite 
and Az2 is of type III. By Remark 14.21 (2). we have either Az± Pm B or Az^ Pm B. 

First assume that Az 2 Pm B. Since the unital inclusion Dz 2 C Az 2 is with expectation 
by Remark 12.41 we may assume without loss of generality that 22 = 1a- Take e,f,v,9 as 
in Definition 14.11 Then e is equivalent to its central support za(o) in A and hence we may 
assume that e £ 2(A). Using Remark 14.21 131. we may further assume that the unital normal 
♦-homomorphism if : Ae —> v*v9(Ae) : a 1 —> v*v6(a) = v*av is injective. This implies in 
particular that the unital normal *-homomorphism 9 : Ae —>• fBf is injective. By Remark 12.41 
the unital inclusion De C ^4e is with expectation. Since 9 : Ae —» 9(Ae) is a unital normal 
♦-isomorphism, the unital inclusion 9(De) C 9(Ae) is also with expectation. Since the unital 
inclusion 9(Ae) C 9(e)B9(e) is with expectation, so is the unital inclusion 9(De) C 9(e)B9(e). 
Then, taking the restriction 9\jje of 9 : ^4e —> fBf to De shows that De Pm B. Thus, we 
obtain D Pm B. 

Next assume that Az\ Pm B. Since the unital inclusion Dz\ C Az\ is with expectation 
by Remark 12.41 we may assume without loss of generality that z\ = 1a■ We first prove that 
D Pm B in the case when D is finite. Since A is semifinite and D C A is finite with expectation, 
the same reasoning as in the proof of (1) =4- (2) in Theorem 14.31 shows that any faithful normal 
semifinite trace on A is still semifinite on the relative commutant D' n A. In particular, there 
exists an increasing sequence (p n ) n of projections in D' fl A such that p n converges to 1 a o - - 
strongly and each projection p n is finite in A. Denote by za(Pu) the central support in A of 
the projection of p n £ A. Since za(Pu) converges to 1 a cr-strongly, there exists n such that 
Aza(Pu) ~Am B (see e.g. Remark 14.21 121). Then by Remark 14.21 141. we have p n Ap n Pm B. 
Since p n Ap n is finite and since p n commutes with D, it follows that Dp n C p n Ap n is a unital von 
Neumann subalgebra and we have Dp n Pm B by Theorem 14.31 (3). Thus, we obtain D Pm B. 

We finally prove the general case. Since D is semifinite, there exists a finite projection p £ D 
such that zd(p) = 1 d = 1 A- Since D C A, we have zd(p) < za(p) < 1a and hence za(p) = 1a- 
By Remark 14.21 (4), we have pAp Pm B. Since pDp C pAp is finite, we have pDp Pm B by the 
previous case. Thus, we obtain D Pm B. □ 

We next study the effect of taking relative commutants. Recall from [ iPo811 Lemma 2.1] that 
whenever A C M is an inclusion of von Neumann algebras and p £ A is a nonzero projection, 
we have (pAp)' D pMp = ( A' fl M)p. We will use this result quite often in the sequel without 
explicit reference. 

Lemma 4.9. Let M be any cr-finite von Neumann algebra, 1 4 and 1 b ony nonzero projections 
in M, A C IaMIa and B C IbMIb any von Neumann subalgebras with expectation. If 
^4 Pm B, then B’ n IbMIb Pm A' n IaMIa- 
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Proof. This proposition follows by the same argument as in |Va071 Lemma 3.5] (see also mm 
Lemma 2.3.10]). However, for the reader’s convenience, we give a complete proof below. 

By assumption, there exist projections e € A and / £ B, a nonzero partial isometry v € eMf 
and a unital normal ^-homomorphism 9 : eAe fBf such that the inclusion 9(eAe ) C fBf 
is with expectation and av = v9(a) for all a € eAe. 

Since the inclusion A C IaMIa is with expectation, so is the inclusion A' nl^Ml^ C IaMIa. 
Since v*v € 6(eAe)' fl fMf and vv* € (eAe)' D eMe = (A' n UMl^e, we may define 

D = v*v(9(eAe)' n fMf)v*v 
= (9(eAe)v*v)' n v*vMv*v 
= (v*Av)' n v*vMv*v 
= (v* Avv* v)' n v* vv*Mvv* v 
= v*((Avv*) r fl vv*Mvv*)v 
= v* vv*(A! n 1aM1a)vv* v 
= v*(A' nl A Ml A )v. 

Write Id := v*v. Since the inclusion 9(eAe) C fMf is with expectation, so are the inclusions 
6(eAe)' n fMf C fMf and D C IdMId- Since 

vDv* = vv*(A' n 1aM1a)vv* 

we have 

v*v(9(eAe)' n fMf)v*v = D Pm vDv* = vv*(A' n 1aM1a)vv *, 
and hence by Remark 14.21 121 

9(eAe)' n fMf P M A' n l A Ml A . 

Since the inclusion fBf C fMf is with expectation, so is the inclusion (B' n 1bA lls)f = 
(fBf)' D fMf C fMf. Therefore, the unital inclusion (B' fl IbMIb)/ C 9(eAe)' n fMf is 
also with expectation and by Lemma 14.81 we have 

(B' n IbMIb)/ Pm A 1 n IaMIa- 

Thus, we obtain B' n IbMIb Pm A' n IaMIa- □ 


We next prove a useful characterization of A Pm B when A is either finite or of type III. 

Lemma 4.10. Let M be any a-finite von Neumann algebra, 1 A and 1 b any nonzero projections 
in M, A C IaMIa and B C IbMIb any von Neumann subalgebras with expectation. Assume 
moreover that A is either finite or of type III. The following conditions are equivalent: 


(1) A <m B (in the sense of Definition \4-l\ >- 

(2) There exist n > 1, a projection q £ B <8 


M n; a nonzero partial isometry w € (1 a 


e i,i )(M M n )q and a unital normal *-homomorphism ir: A —> q(B <8 M n )q such that 
the inclusion n(A) C q(B <8> M n )g is with expectation and (a 0 1 n )w = wtt (a) for all 
a £ A, where (e l .j)\< l .j< n is a fixed matrix unit in M n . 


Proof. The proof is essentially contained in jls!41 Proposition 2.3.8]. In the case when A is 
finite, the equivalence between (1) and (2) was already proved in Theorem 14.31 111 (3). We 

may next assume that A is of type III. 

Assume (1) holds. Take e, f,v,6 witnessing the fact that A Pm B as in Definition 14.11 Denote 
by z A (e) the central support in A of the projection e € A. Since A is of type III, there exists a 
partial isometry u £ A such that u*u = e and uu* = z A (e). Put t : A —> Az A (e) : a i-a az A (e). 
Therefore (2) holds for n = 1, q = f, w = uv and it = 9 o Ad(u*) o l : A —>• fBf. 
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Assume (2) holds. Since n (A) is of type III and since the unital inclusion n(A) C q(B®'M. n )q is 
with expectation, using Remark 12.31 we may assume that B is of type III. The central support 
in B 8 M n of the projection q £ B 8 M„ is of the form z<S> 1 with z G Z(B). Since the central 
support in B 8 M n of the projection z 8 egi G B 8 M.„ is also z <8> 1, there exists a partial 
isometry u £ B 8 M n such that u*u = q and uu* = z <S> egi by 1KRD7 . Corollary 6.3.5]. Define 
the partial isometry v G 1 aMz such that v <8 ejj = wu* and 6 : A —> Bz the unital normal 
♦-homomorphism such that 6(a) 8 eiq = uir(a)u* for all a £ A. Then 9(A) C Bz is with 
expectation and av = v6(a) for all a £ A. Therefore (1) holds. □ 

Let M,A,B be as in Definition 14.11 Following [Va07 . Definition 3.1], we write A P* M B if for 
every nonzero projection p £ A' n IaMIa, we have Ap Pm B. Recall from |HIJ15l Proposition 
2.2] that for every nonzero projection p £ A' n IaMIa, the inclusion Ap C pMp is still with 
expectation. 

Lemma 4.11. Let M be any a-finite von Neumann algebra, 1 a and 1 b any nonzero projections 
in M, A C IaMIa and B C IbMIb any von Neumann subalgebras with expectation. Assume 
moreover that A is either finite or of type III and A P* M B. 

Then one can choose n,q,w,Tr as in Condition (2) of Lemma \4-10\ such that the projection 
ww* £ A! n IaMIa is arbitrarily close to 1 a in the a-strong topology. 

Proof. By Zorn’s lemma, there exists a maximal family ((ni,qi,Wi,ni))i£i (with respect to 
inclusion) of quadruples (ni,qi,Wi,TTi) witnessing the fact that A Pm B as in Condition (2) of 
Lemma [4.101 such that the projections pi = WiW* £ A' C IaMIa are pairwise orthogonal for all 
i £ I. We claim that YlieiPi = 1a- Indeed, if not, put p = 1 a — YliPi G A! n IaMIa■ Since 
A P f M B , we have Ap Pm B. Take (n,q,w,ir) as in Condition (2) of Lemma 14.1UI witnessing 
the fact that Ap Pm B. We regard it : A -A q(B 8 M n )g such that the unital inclusion tt(A) C 
q(B 8 M n )g is with expectation and ww* < p. Then the family (((n,, qi,Wi, 7 Tj))j g /, (n, q, w, ^ r)) 
contradicts the maximality of the family ((ni,qi,Wi,ni))i e i. This shows that Yli^iPi = 1 A- 

Let V C A be any cr-strong neighborhood of 1a- There exists a finite subset T C / such 
that pjr := J^ieTPi e V. Put n = 9 = Diag (qi) i& r £ B 8 M n , w = [w ni } i£ jr £ 

(l y l 8 ei i i)(M 8 M n )g and 7 T : A -A- g(S 8 M„)? : a i-A Diag( 7 Tj(a))i g j\ Then we have (081™)^ = 
wn(a) for all a £ A and ww* = pjr £ V. Moreover, the unital inclusion ^ r(A) C q(B 8 M n )g is 
with expectation. Indeed, first observe that the unital inclusions Diag( 7 rj(-A))j g j- C Diag((/j(R 8 
M ni )g , i)j g j- and Diag(gj(R 8 M ni )gj)j g j C q(B 8 M n )q are with expectation. Thus, the unital 
inclusion Diag( 7 Tj (A))i<=jr C q(B 8 NL n )q is with expectation. We next show that it (A) C 
Diag( 7 Ti(A))j g jr is with expectation. To do so, for every i G J, denote by Zi £ Z(A) the unique 
central projection that satisfies ker-Tj = 71(1,4 ~ z i)- We will identify irfiA) with Azi via the 
unital normal ♦-isomorphism ivfiA) -A Azi : irfia) \-A az{. We have Diag (7 ii(A))i & jr = Q) ie:F Azi. 
We may and will write n (a) = (azf) i&T £ ©ieJE Azi for all a £ A. Let p be a faithful normal 
state on A and define G (©j g j-Azj)* by <h((ajZj)j g j-) = YlieF ^iT( a i z i) f° r all a i £ A, 
where A* > 0 satisfy ^iT( z i) = 1- By ]Co72l Lemme 3.2.6], the modular automorphism 

group of <f> is given by af ((aiZi)i e jr) = (af (afizfii^jr and hence it (A) is globally invariant 
under the modular automorphism group (erf). Thus the unital inclusion tt(A) C Az % 

is with expectation. This shows that the unital inclusion tt(A) C Diag( 7 rj(A))j g _ 7 r is with 
expectation. Therefore, we finally obtain that the unital inclusion tt(A) C q(B 8 M„)g is with 
expectation. □ 

The next lemma shows that P f M provides a sufficient condition for the transitivity of Pm- 

Lemma 4.12. Let M be any a-finite von Neumann algebra, 1 a, 1 b and 1 c any nonzero 
projections in M, A C IaMIa, B C IbMIb and C C IqMIc any von Neumann subalgebras 
with expectation. 
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(1) Let p £ A (resp. r £ B) be any projection whose central support in A (resp. in B) is 
equal to 1 a (resp. 1 b)- Then A P' M B if and only if pAp p\ { rBr. 

(2) Assume that A! n IaMIa is a factor. Then A Pm B if and only if A P' M B. 

(3) If A <m B and B pf M C, then we have A Pm C. 

Proof. (1) By Remark 14.51 we may assume that r = 1 b- Assume that pAp PB and take a 
nonzero projection q £ A' fl IaMIa- Since pq / 0 and pq £ (pAp)' C\pMp, we have pApq Pm B 
by assumption. Thus, we obtain that Aq Pm B. This shows that A P^ M B. 

Assume next that A P* M B and take a nonzero projection q € (pAp)' CipMp = ( A ' n 1aM1a)p- 
We may choose a projection q € A! n IaMIa such that qp = q. By assumption, we have 

Aq Pm B. Since the central support in Aq of the projection q = qp £ Aq is equal to q, we have 

qAq Am B by Remark 14.21 141. This shows that pAp P f M B. 

(2) The ‘if’ direction is trivial and does not require to be a factor. We next assume 

that A! fl IaMIa is a factor and A Pm B. Take e,f,v,9 as in Remark 14.21 131. Observe that 
vv* £ (eAe)' fl eMe. Let p £ ( A’ fl l^Ml^e C (eAe) 1 be any nonzero projection such that p < 
vv*. Denote by z £ Z(eAe) the central support in (eAe)' of the projection p £ (eAe)'. We have 
eAezp = eAep and eAez = eAep. Define the unital normal ^-isomorphism i : eAep —>■ eAez. 
We may then define the unital normal ^-homomorphism 6 : eAep —> 9(z)B6(z) : y H > 9(i(y)). 
By assumption and since z £ eAe is a nonzero projection, we have zv ^ 0 and 6(z) A 0- The 
unital inclusion 9(eAep) = 9(eAez) C 9(z)B9(z) is moreover with expectation. We finally have 
apv = t(a)pv = pt(a)v = pv9(t(a)) = pv9(a) for all a £ eAep. Since pv / 0 (n.b. p < vv*), 
the above reasoning shows that eAep Pm B for any nonzero projection p £ (eAe)' n eMe such 
that p < vv*. 

Let now q £ A'DIaMIa be any nonzero projection. Since A'DIaMIa is a factor, the projection 
qe £ (A' fl 1aM1a)c is nonzero. Since qe,vv* £ (A' n 1aM1a)c and since (A' n RMRje 
is a factor, there exist nonzero subprojections qo < qe and p < vv* that are equivalent in 
(A' n 1aM1a)c = (eAe) 1 fl eMe. Since p ~ qo in (A' fl l^Ml^je and since eAep Pm B by the 
first part of the proof, we conclude that eAeqo Pm B and hence eAeq Pm B. This implies 
that Aq Pm B and finally shows that A P { M B. 

(3) Let A = A\ © A 2 and B = B\ © B 2 be the unique decompositions such that A\ and B\ are 
semifinite and A 2 and B 2 are of type III. Let p £ A\ and q £ B 1 be finite projections whose 
central supports are 1 A\ and l^. By Remark 14.21 121.14) and Remark 14.51 we have either 
pA\p P qB\q , or pA\p P B 2 or A 2 Pm B 2 . Also by the first item of Lemma 14.121 that we have 
already proved, we have qB\q P C and B 2 P { m C. Therefore, we may assume that each of 
the von Neumann algebras A and B is either finite or of type III. 

Then we can proceed as in the proof of [ Va07l. Lemma 3.7]. Since A Pm B, take e,f,v,9 
witnessing the fact that A Pm B as in Definition 14.11 Since B is either finite or of type 
III and B P^ M C, Lemma 14.111 shows that we can choose n, q, w, 7 r witnessing the fact that 
B Pm C as in Condition ( 2 ) of Lemma 14.101 in such a way that (v < 8 > 1 7 i)vj 7 ^ 0. Observe 
that we have (a <g> l n ) (v < 8 > 1 n )w = (v <8> l n )w n(9(a)) for all a £ eAe. The unital inclusion 
7T (9(eAe)) C ir(f)(C (g> M n )7r(/) is moreover with expectation. Indeed, first observe that the 
unital inclusion 7 x(fBf) C 7 r(/)(C'®M n )7r(/) is with expectation. Next, denote by z £ Z(fBf) 
the unique central projection such that 7 r : fBfz —>■ ir(fBf) is a unital normal ^-isomorphism. 
Since the unital inclusion 9(eAe)z C fBfz is with expectation by Remark 12.41 it follows 
that the unital inclusion 7 r (9(eAe)) = n(9(eAe)z) C n(fBfz) = n(fBf) is with expectation. 
Therefore, the unital inclusion ir(9(eAe)) C 7 r(/)(C <g> M n )7r(/) is with expectation. Write 
(v <8> 1 n)uJ = u\(v (8> l n )w\ for the polar decomposition of (v <S> l n )w £ M 0 M n . Since A is 
either finite or of type III, « / 0 and (a (g> l n ) u = un(9(a)) for all a £ eAe and 7 r (9(eAe)) C 
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7 r(/)(C (8) M n )7r(/) is with expectation, Lemma 14. 101 finally shows that eAe Pm C and hence 
A Pm C. □ 

Recall that whenever P C M is an inclusion of cr-hnite von Neumann algebras with expectation 
such that P is a factor and M = P V ( P' D M), we have M = P ® ( P' n M). In that case, 
we will simply write M = P ® ( P' D M). The next intertwining lemma inside tensor product 
factors will be crucial in the proof of Theorem [Bj 

Lemma 4.13. Let Mi, M 2 , N\, N 2 be any a-finite diffuse factors. Put M := M\ <S> M 2 and 
assume that M = Ni <8> IV 2 . If Mi Pm Ni, then for every i £ {1,2} , there exist projections pi £ 
Mi, qi £ Ni and a nonzero partial isometry v € M with v*v = P 1 P 2 ='■ p and vv* = gig 2 =■ q 
such that the inclusion vM\ v* C qNiq is with expectation. 

Moreover, P = (vMiv*)' fl qNiq C qNiq is a subfactor with expectation satisfying 

qNiq = vMiv* (g> P and VM 2 V* = P <S> gdV 2 g. 

If M 2 (resp. N 2 ) is a type III factor, then we can take p 2 = 1 (resp. q 2 = \). 

Proof. We first prove the existence of the nonzero partial isometry v as in the first part of the 
statement. This will follow from the proofs of fOP03l Proposition 12] and [Isl4l Lemma 3.3.2], 

Let e, /, v, 9 witnessing the fact that Mi Pm Ni as in Definition 14.11 Then we have 

vv* £ (eMie)' n eMe = M 2 e and v*v £ 9 (eAe) 1 n fMf = (9(eAe)' n fNif) ® AT 2 /. 

Put L ■= 9{eMie)' fl fNif and observe that 9{eMie)' PI fMf = L <§> IV 2 /. Denote by z £ Z(L) 
the unique central projection such that Lz is semifinite and L(1 — z) is of type III. Then, up 
to replacing 9 and v by 9(-)z and vz (resp. by 0(-)(l — z) and u(l — z)) and observing that the 
unital inclusion 9(eMie)z C zNiz (resp. 9(eMie)(l — z) C (1 — z)Ni(l — z)) is with expectation 
by Remark 12.41 we may assume that L is either semifinite or of type III. Then L ® IV 2 / is 
also either semifinite or of type III. In this setting, we first show that for every i £ {1,2}, 
there exist a nonzero projection qi £ IVj such that qiq 2 £ 6{eMie)' H fMf and q\q 2 ^ v*v in 
9(eMieY n fMf. 

First assume that L ® IV 2 / is of type III. Note that this is always the case if IV 2 is of type III. 
If we denote by z < 8 > 1jv 2 / the central support in L® IV 2 / of the projection v*v £ L ® AL./', with 
z £ Z{L), we have that v*v ~ z ® 1jv 2 / hi A <S> AI 2 /. Thus, we can put q 1 := z and q 2 ■= 1 n 2 - 

Next assume that L <S> AI 2 / is semifinite. Then A/ 2 / is a type IR or type IIqo factor. Fix a 
faithful normal semifinite trace Tr jv 2 / on N 2 f and a faithful normal semifinite extended center 
valued trace R on I (see e.g. [Ha77ai Theorem 2.7] applied to Z(L) C L for the proof of 
the existence of such an extended center valued trace and observe moreover that an extended 
center valued trace is an operator valued weight). Then T := T^ <g> TV 7 V 2 / is a faithful normal 
semifinite extended center valued trace on L ® N 2 / (see e.g. |Ha77b[ Theorem 5.5] for the 
proof of the existence of the tensor product of operator valued weights which is in our case 
an extended center valued trace). Since T(u*u) is nonzero, there exists a nonzero central 
projection zi £ Z{L) and A > 0 such that Xzi < T(u*u). Then there exists a nonzero (finite) 
projection qi £ Lzi such that T/,(gi) < nzi for some n € N. Let q 2 £ N 2 be a nonzero 
(finite) projection such that Tr Naffaf) < X/n. Then qiq 2 £ L ® A^/ is hnite and we have 
T(qiqf) = Tr A r 2/ (g 2 /)T L (gi) < Tr N2 f(q 2 f)nzi < Xzi < T(v*v). This implies that qiq 2 R v*v 
in L <g> AR/- 

Let u £ L< 8 >A/ 2 / = 9{eMie)' C\ f M f be a partial isometry such that uu* < v*v and u*u = qiq 2 - 
Then the nonzero partial isometry vu satisfies 

avu = v9(a)u = vu9(a ) for all a £ eARe. 
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Thus, up to replacing the partial isometry v by vu, we may assume that v*v = qiq 2 and 
vv* £ M 2 e. Since vv* £ M2e, we may write vv* = ep 2 for some projection p 2 £ M2. Put 
pi := e. Now, consider the mapping 

6: P 1 P 2 M 1 P 1 P 2 v*xv £ v*vN\v*v = qiq 2 ^iQiQ 2 - 

The map 9 defines a unital normal ^-isomorphism from P 1 P 2 M 1 P 1 P 2 into <71 <72-^19192- Since the 
inclusion P 1 P 2 M 1 P 1 P 2 C PiP 2 ^PiP 2 is with expectation, so is the inclusion 

0(piP2Mipip 2 ) = v* P 1 P 2 M 1 P 1 P 2 v C v* pip 2 Mpip 2 v = qiq 2 Mqiq 2 . 

Hence the inclusion 9(piP2M\pip2) C qiq 2 ^iq\q 2 is with expectation. Thus, we obtained the 
desired partial isometry v* which satisfies the first part of the statement of Lemma 14.131 We 
note that if M 2 is of type III, we have P 2 ~ 1 m 2 in M 2 and hence we may replace P 1 P 2 by p\. 
Also, if IV2 is of type III, then by the above proof, we can take 52 = 1at 2 • 

Now, put P = ( vM\v*)' n qN\q as in the second part of the statement of Lemma 14.131 and 
observe that P C qN\q is with expectation. Since vMv* = qMq = qN\q 0 qN 2 q and since 
vM\v* C qN\q , we obtain 

VM 2 V* = (vMiv*)' fl vMv* = (vMiv*)' n qMq = ((vM\v*)' D qN\q) 0 qN 2 q = P 0 qN 2 q 
Likewise, we obtain qN±q = vM\ v* 0 P. □ 

5. Proofs of Theorems E] AND [B] 

In this section, all the von Neumann algebras that we consider are assumed to have separable 
predual. We will be using the following notations. For any von Neumann algebra M, the 
standard form of M will be denoted by (M, L 2 (M), J,ip) and we will regard M C B(L 2 (M)). 
For any m > 1, any tensor product of von Neumann algebras M = Mq<S>Mi<S>- ■ -(8 Mi®- ■ -®M m 
and any 1 < i < m, put 

Mf := M 0 ® Mi ® • 0 Mj_i 0 Cl Mi 0 M i+1 0 ■ ■ ■ 0 M m . 

Observe that when Mi is a factor, then we have Mf = (Mi)' n M. When we consider a faithful 
normal conditional expectation from M onto a tensor component (e.g. Mj or Mf). it will be 
always assumed to preserve a fixed faithful normal product state <p = tpo 0 ip\ <g> ■ ■ ■ 0 <p n . Note 
that as we mentioned in Remark 14.21 f5i. the notion of embedding with expectation A B 
does not depend on the choice of E#. Therefore, the faithful normal states tpi can always be 
replaced when we consider A Am B with B a tensor component. 

Recall that Rqo denotes the unique amenable type IIIi factor with separable predual. It follows 
from the classification of amenable factors with separable predual [Co721 ICo751 lHa85| and 
[CT761 Corollary 6.8] that for any amenable factor P with separable predual, we have that 
Roo P is an amenable type HR factor and hence 

Roo^P^Roo. 

A key intermediate result. We first prove the following key rigidity result for tensor prod¬ 
ucts of von Neumann algebras that belong to the class C(ao)- This is a generalization of jOPO.'ll 
Proposition 11]. 

Theorem 5.1. Let m > 1. For all 1 < i < m, let AR be any von Neumann algebra that 
satisfies the strong condition (AO) and Mi C Ai, any von Neumann subalgebra with expectation 
E i : Aii —>• Mj. Let Mq = MR be any amenable von Neumann algebra (possibly trivial). 

Put M := Mo (8 ■ ■ ■ <8> M m and Ml ■= MR 0 ■ ■ ■ 0 Ml m . Let Q <Z M be any finite von Neumann 
subalgebra with expectation E q : M —>■ Q. 

Then at least one of the following conditions hold: 
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(1) The relative commutant Q' fl M is amenable. 

(2) There exists 1 < i < m such that Q A m Mf. 


Proof. We first prove the result under the additional assumption that Mo is of type III. Since 
for every 1 < i < m, Mq C Mf is with expectation, Mf is also of type III. We use the same 
notation as in Proposition 12.91 for the tensor product von Neumann algebra Ad. Write for 
the Jones projection of the inclusion M C Ad. We assume that Q ^m Mf for all 1 < i < m 
and show that the relative commutant Q' n M is amenable. By Corollary 14.71 there exists a 
diffuse abelian (hence AFD) subalgebra Qo C Q such that Qq ^m Mf for all 1 < i < m. Since 
Q'flM C Qo D M is with expectation, it suffices to show that Q' 0 fl M is amenable. Without 
loss of generality, we may assume that Q is AFD. 

Since Q is AFD, we can define a proper conditional expectation Tq: B(L 2 (Ad)) —> Q', that 
is, Tq(x) € Q' Cco w {uxu* | u £U(Q)} for all x G B(L 2 (A4)). We note that the properness 
of Tq implies that (tq o E q 1 o Tq)|_a 4 = tq o Eq 1 for any faithful normal trace tq G Q* and 
any faithful normal conditional expectation Eq 1 : Ad —>• Q. Hence ^q\m : Ad —> Q' fl Ad is a 
faithful normal conditional expectation. For all 1 < i < m, denote by efy ? G B(L 2 (Ad)) the 
Jones projection of the inclusion Adf C Ad and by eff c G B(L 2 (M)) the Jones projection of 
the inclusion Mf C M. We will use the identification B(L 2 (M)) = ej^B(L 2 (Ad))ej^. Under 
this identification, we may and will simply denote by e|^ c . We may and will also 

identify e^^ Q (-)e^\ M with T q\ m ■ 

We show that e M^Q( e M?) e M = 0 for all 1 < i < m. By contradiction, assume that there 
exists 1 < i < m such that e M^Q( e M?) e M / 0. By the properness of Tq, we have 

0 7 ^ d := Cfj 1 I / Q(e^c)e^ = ^ q(^m £m<t^m) G Q Fl co u | uej^cu* \ u G 14(Q )| C Q' H (M, Mf). 

Let T m be the canonical faithful normal semifinite operator valued weight from (M, Mf) to M. 
Since d G co™ j ue^ c u* \ u G U(Q )j and since T= 1, we obtain Tm(^) £ M (see the 

Claim in the proof of Theorem 14.31 (5) =4 (6)). Recall that Mf is of type III. Then d satisfies 
Condition (6) in Theorem 14.31 ( n.b. since B = Mf is of type III here, we have B\ = 0), which 
contradicts our assumption. Thus, we obtain e M^Q( e Mf) e M ~ 0 for all 1 < i < rn. 

Recall that /Q = B(L 2 (Ad 0 ))<gW ■ ■®mh,B(L 2 (Ad ? ;_ 1 ))® mir ,K(L 2 (AdA)®minB(L 2 (Ad^i ))® min 
• • • ® m in B(L 2 (Ad m )) and hence /C, C K(L 2 (Adj)) ® m i n B(L 2 (Ad£)) for all 1 < i < m. Recall 
moreover that J = l 

Claim. For all 1 <i<m, we have e(^TQ(K(L 2 (Adi)) <g> m i n B(L 2 (Ad?)))e^ = 0 and hence 

e M^Q(>7) e M = 0 . 


Proof of the Claim. Fix 1 < i < m. Since e^'pQ(-)e^ is a ucp map, it suffices to show that 

e^T Q (K(L 2 (Ad 4 )) ®min Cl)e# = 0. 

Fix a faithful normal state <p G Ad* such that af (Ad*) = Adj and af (Mi) = M t for all t G R 
and all 1 < i < m. Since K(L 2 (Adj)) is generated by the rank one operators S a ,b '■ L 2 (Adj) — > 
C f i-a (C, Jb^tp) Ja^ with a, b G Adj, it suffices to show that eff}'&Q(S a j ) ® 1 )ejff = 0 for 

all a, b G Ad*. Denote by EjJ^ : Ad —>■ M the unique ^-preserving faithful normal conditional 
expectation. 
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Let a, b € A4 t . Since 

eJ M^Q(S a ,b C> 1 )e J M = e M^Q( e M(Sa,b ® 1 ) e M) e M 

= e M i &Q( e M(SE$(a),E$(b) ® 1 ) e M) e M 
= e M^Q('S'E^ ( (a),E^ l (b) ® l) e M 

and since Ejff(a) € Mi and E ^}(b) € Mj, we may assume that a,b € Mj. A simple computation 
shows that 

(JaJ <8) 1) (51,1 ® 1) (Jb*J <g> 1) = 5 a! f, ® 1. 

Since a, 6 € Mj C M, we have JaJ ® 1, J6* J ® 1 £ Q' H {e^}' fl B(L 2 (Ad)) and hence 

e^ Q {S a , b ® l)etf = (JaJ®l)e$* Q (S 1 , i ® l)e^ (J6*J®1). 

Since Syi <g> 1 = e^c and e^'Lg(e^{c)e^ = 0, we finally obtain e%}'S>Q(S a ,b ® l)e^ = 0. This 
finishes the proof of the Claim. □ 

Using Proposition 12.91 and the above Claim, we may define the composition map 

pMyTf (.\pM 

‘Lq : A <g> min JAJ A M{J)/J - M Q' n B(L 2 (M)). 

Observe that d><g(a ® J6J) = ejfj'l' q(o) JbJeff} for all a, b € A C M. 

Claim. The ucp map <Lq can be extended to M. ® m j n JM.J which satisfies &q(x <S> JyJ ) = 
e J ^^ Q (x) JyJe$ for all x,y € M. 

Proof of the Claim. Consider the algebraic ucp map <1 >q : M. ® a i g JJAJ —> Q' C B(L 2 (M)) 
given by <8> JyJ) = c^Tq(x) JyJejf} for x,y € M.. We know that <Lq is continuous on 

A <8>aig JAJ with respect to the minimal tensor norm since it coincides with <Lq. Moreover, 
is normal on M ® a i g Cl and Cl <g) a i g JJAJ since 'Lq is normal on M.. By exactness of 
A (which is equivalent to property C , see |BOfl8i Theorem 9.3.1 and Exercise 9.3.1]), we can 
apply BOOS . Lemma 9.2.9] to obtain that is actually continuous on M. ® a i g J JAJ with 
respect to the minimal tensor norm. Thus, by extending to M. ® m i n JM.J , we obtain the 

desired ucp map. □ 

Put N := Q' C\ M and let ejv be a Jones projection corresponding to N C M. We restrict the 
resulting map in the Claim to the one on N (g> m i n JN J. By identifying JNJ = JnN Jn 
and ejve^B(L 2 (.M))ej^eAr = B(L 2 (JV)), we obtain a ucp map 

7T := eN®Q{-)eN ■ N ® min JnNJ n ->• B(L 2 (1V)) 

which satisfies tt(x ® JnjJn) = x JnvJn for all x,y € N. Thus, N = Qf O M is amenable. 
This finishes the proof of Theorem 15.11 in the case when Mo is of type III. 

In the general case, put M := i?oo(g)M and Mo := Rqo^Mq. Then we have that Mo is of type III 
and M = Mo®Mi®- • -®M m . Put Mf := ■ -®Mj_i®Cljvfj®Mj + i®• • -®M m . Let 

QcMbe any finite von Neumann subalgebra with expectation. By the first part of the proof 
and regarding Q C M, we obtain that Q' D M is amenable (and hence Q' D M is amenable) or 
there exists 1 < i < m such that Q Mf. In that case, since Q C M is finite, M = R 00 <S> M 
and AJf = R^ ® Mf, Lemma 14.61 implies that Q Pm Mf. This finishes the proof of Theorem 
15.11 in the general case. □ 
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Proofs of Theorems [A] and [B} We start by proving three lemmas. 

Lemma 5.2. Let m,n > 1 be any integers. For each 1 < i < m, let Mi be any nonamenable 
factor belonging to the class 0 ). For each 1 < j < n, let Nj be any nonamenable factor. As¬ 
sume moreover that all the factors N\,... ,iV n _i possess a state with large centralizer. Finally, 
let Mq and No be any amenable factors (possibly trivial). 

Assume that M := Mq g M\ g ■ ■ ■ g M m = No g ATi g • • • g N n . Then there exists 1 < io < m 
such that Mi 0 Pm N n . Moreover there exist a nonzero partial isometry v G M, projections 
Pi G Mi for every 0 < i < m and projections qj G Nj for every 0 < j < n such that 
v*v = popi ■ ■ ■ p m := p, vv* = qoqi • ■ • q n '■= q and vMi 0 v* C qN n q is with expectation. The 
subfactor P = ( vMi 0 v*)' (~l qN n q C qN n q is also with expectation and satisfies 

qN n q = vM io v* g P 

P g qNoq g • • • g qN n _iq = vMqv* g ■ ■ ■ g uMj 0 _ \v* g vMi 0+ \v* g ■ ■ ■ g vM m v*. 

Proof. Since M = Mq <g> Mi <g) ■ ■ ■ <g> M m = Nq <S> Ni (g) • • • (g) N n , we also have 

M := Floo ® (M 0 ® Mi ® ® M m ) = ® (N 0 ® Ni ® • • • ® N n ). 

By assumption, for every 1 < j < n — 1, there exists an irreducible type Hi subfactor Lj C Nj 
with expectation. Since No := ®iVo = Roc, there exists an irreducible type Hi subfactor 
Lq C No with expectation. Indeed, it is well known that the Araki-Woods factor Roc of type IIIi 
possesses a state with large centralizer (see e.g. [Ha85l Example 1.6]). Put Mo = Mo <g> Roc — 
Roc- We have M = Mo (g> M\ (g> • • • ® M m . 

We first prove that there exists 1 < io < m such that Mj 0 N n . Because of various 
considerations on relative commutants, we first need to work inside the larger von Neumann 
algebra M before descending back to the original von Neumann algebra M. Put L ^ := Lo <g> 
Li g) • • • g) L n _ i. Since (L(j) / D M = N n is nonamenable, there exists 1 < io < m such that 
F c n (Mi 0 )' fl M by Theorem 15.11 Applying Lemma FTTH we obtain Mj 0 N n . Write 
Mj 0 = Mj 0 g) I where Mj 0 is either of type Hi or of type III and I is a type I factor. By 
Proposition 12.101 Mj 0 belongs to the class 0 ) an d hence there exists an irreducible type 
Hi subfactor Ki 0 C Mj 0 with expectation by Theorem [C] (n.b. Mi 0 is nonamenable). Since 
Mj 0 N n , we have Mj 0 N n and hence Ki 0 N n by Lemma Rid Since Kj 0 c M is 
finite, M = Roo <8> M and N n C M, Lemma 14.61 implies that Ki 0 Pm N n . Since ( Ki 0 )' n M = 
(. Mi 0 )' n M, applying twice Lemma 14.91 we obtain Mj 0 Pm N n . For any minimal projection 
e £ I, we have eM, 0 e = Mj 0 e and Mj 0 e by Lemma I4.121 12L This implies that 

eMj 0 e A n and hence Mj 0 W by Remark 14.21 f2). 

By Lemma 14.131 there exist a nonzero partial isometry v € M and projections pi 0 € Mj 0 , 
p' 0 6 Mf o , 6 such that = p io p' 0 := p, uu* = q n q' n := q and vM io v* C 

is with expectation. The subfactor P = ( vMi 0 v*Y H qN n q C qN n q is also with expectation and 
satisfies 

qN n q = vMi 0 v* <g> P and vMf Q v* = qNfq (g> P. 

By factoriality and since Mi, ..., Mj 0 _i, Mj 0+ i,..., M m are diffuse factors, p' iQ G Mf is equiv¬ 
alent in Mf Q to a projection of the form popi ■ ■ ■ Pi 0 -iPi 0 +i ■ ■ -p m where pi G Mi is a nonzero 
projection for all i ^ io- Likewise, by factoriality and since Aq,... ,iV n _i are diffuse factors, 
q' n G Nf is equivalent in Nf to a projection of the form qo ■ ■ • q n -1 where qj G Nj is a nonzero 
projection for all 0 < j < n — 1. Thus, we may assume that p' iQ = poPi • • ■ Pi 0 -iPi 0 +i ''' Pm, 
q'n = qo ■'' qn -1 an d hence v*v = po ■ ■ ■ p m , vv* = qo ■ ■ ■ q n - Then the von Neumann subalgebras 
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vMiV* C qMq pairwise commute for all 0 < i < m as well as the von Neumann subalgebras 
qNjq C qMq for all 0 < j < n. Thus, we have 

qMq = vMqv* (g> vM\v* (g> • • • (g> vM m v* = qN^q <g> qN\q <g> • • • g qN n q. 

Finally, we obtain 

qN n q = vM io v*®P 

P g qN^q® ■ ■ ■ g qN n _iq = vM 0 v* g ■ ■ ■ g vM io _iv* g vM io+ \v* g ■ ■ ■ g vM m v*. 

This finishes the proof of Lemma 15.21 □ 

Lemma 5.3. Keep the same assumption as in Lemm,a f 5. 21 

Assume that M := Mq g M\ g • • • g M m = N$ g N\ g • • • (g> N n . Then we have m > n. 

Proof. We prove the result by induction over n > 1. When n = 1, this is obvious since by 
assumption we have m > 1 = n. 

Next, assume that n > 2. By Lemma 15.21 there exists 1 < io < m such that Mj 0 Pm N n . To 
simplify the notation, we may assume that io = m. By Lemma 14.91 we also have N° Pm Mff. 
If m = 1, then N° Pm Mq yields an embedding with expectation of a nonamenable factor into 
an amenable factor, a contradiction. Hence, we may assume that m > 2. 

Since M m Pm N n , choose v,po,... ,p m , qo,...,q n and define P = (vM m v*)' n qN n q as in the 
conclusion of Lemma 15.21 We have 

vMqv* <S> vM\V* <S> • • • <g) vM m _\v* = qN^q (g) • • • <g) qN n -21 ® {qNu-iQ <8> F 5 ). 

Observe that for every 1 < i < m — 1, we have vMiV* = piMiPi and hence vM t v* belongs to 
the class 0 ) by Proposition 12.1U1 Since qN^q is amenable, since qN n _\q® P is nonamenable 
and since the factor qNjq = qjNjqj has a state with large centralizer for every 1 < j < n — 1, 
we may apply the induction hypothesis and we obtain m — 1 > n — 1. Thus, m > n. This 
finishes the proof of the induction and hence the one of Lemma 15.31 □ 

Lemma 5.4. Let m > 1 be any integer. For all 1 < i < m, let Mj be any nonamenable factor 
belonging to the class C(ao) • Then the tensor product factor M\ (g> • • • <g) M m is not McDuff. 

Proof. Assume first that M = M\ <g> ■ ■ ■ (g> M m is semifinite. Then M is full and hence not 
McDuff by [Co751 Corollary 2.3]. 

Assume next that M = M\ (g> ■ ■ ■ (g> M m is of type III. By Proposition 12.101 we may further 
assume that each of the factors Mi,..., M m is either of type Hi or of type III and belongs to 
the class C(ao)- By contradiction, assume that M is McDuff. Then there exist m > 1 such 
that the following property V m holds: there exist nonamenable factors Mi,... ,M m belonging 
to the class C(ao) such that each of the factors Mi,..., M m is either of type Hi or of type III 
and M = Mi g) • • • (g) M m is McDuff, that is, 

M = Mi $•■■(§> M m = Mi &■•■(§> (M m ® R). 

We may further assume that m > 1 is the minimum integer for which the property V m holds. 
By [ HR14 , Theorem A], we necessarily have m > 2. 

By Theorem IO each of the factors Mi,..., M m possesses a state with large centralizer. Apply¬ 
ing Lemma FkA to m = n, Mq = Nq = Cl, Ni = Mi,..., IV m _i = M m _ 1 and N m = M m ® R, 
there exists 1 < io < m such that Mj 0 Pm N m . To simplify the notation, we may assume that 
i 0 = m. Since M m P M N m , choose v,p 0 ,... ,p m , q 0 ,...,q m and define P = (vM m v*)' n qN m q 
as in the conclusion of Lemma 15.21 We have 

qN m q = vM m v* (g> P and vM\v* <g> - - - <g) nM m _ \v* = qN\q <g) ■ ■ ■ (g> qN m _iq g) P. 
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By Lemma 15.31 and since m > 1 is the minimum integer for which the property V m holds, 
the second equation implies that P is a type I factor (n.b. Any diffuse amenable factor is 
McDuff). Since moreover qN m q = vM m v* (g> P, it follows that M m and N m = M m <g) R are 
stably isomorphic and hence M m is McDuff. This however contradicts [HR.141 Theorem A]. □ 

Notation 5.5. Let M be any a-finite von Neumann algebra, 1 a and 1b any nonzero projections 
in M, A C IaMIa and B C l^Ml^ any von Neumann subalgebras with expectation. We will 
write A B if there exist projections p G A, p' G A! n IaMIa, q G P, q' G B' D IbMIb and 
a nonzero partial isometry v G IbMIa such that v*v = pp', vv* = qq' and vpApp'v* = qBqq'. 

Keep M, A, B as in Notation 15.51 Obviously, A B implies that A Am B and B Am A. 
Moreover, it is easy to see that when A and A! 0 l^Ml^ are both factors, we have A B 
if and only if rArr' B for some (or any) nonzero projections r G A and r' G A' n IaMIa- 
Finally, when A,B<zM are unital von Neumann subalgebras and A,B,A' D M,B' 0 M are 
type III factors, we have A ~m B if and only if A and B are unitarily conjugate inside M, 
that is, there exists u G U(M) such that uAu* = B. 

Theorems E and m will be consequences of the following theorem that generalizes [QP03. 
Corollary 3]. 

Theorem 5.6. Let n > 1 be any integer. For all 1 < i < n, let Mi be any nonamenable factor 
belonging to the class C(ao) ■ F° r a U 1 < J < u, let Nj be any non-McDuff factor that possesses 
a state with large centralizer. Finally, let Mo and No be any amenable factors (possibly trivial) 
with separable predual. 

Assume that 

M := Mo ® Mi ® ® M n = N 0 <8> Ai ® ® N n . 

Then there exists a unique permutation a G <S n such that 

No ~m Mo and Nj M a ^ for all 1 < j < n. 

In particular, Mo and No are stably isomorphic and M a ^ and Nj are stably isomorphic for all 
1 < j < n. 

Proof. We first prove the existence of a permutation a G S n satisfying the property as in the 
statement of Theorem 15.61 bv induction over n > 1. 

Assume that n = 1. By Lemma [5T2l we have Mi A M R[ 1 . Choose v,po,pi,qo,qi and define 
P = (vM\v*y n qNiq as in the conclusion of Lemma 15.21 We have 

qNiq = vM\v* ® P and vMqv* = qNoq ® P. 

Note that P is amenable since Mo is amenable and P C vMqv* is with expectation. Since N\ 
is not McDuff, qN\q is not McDuff either and hence P is a type I factor. Therefore, we obtain 
Nq ~m Mo and N\ ~ M\. This proves the case when n = 1 and hence the first step of the 
induction. 

Next, assume that n >2. By Lemma 15.21 there exists 1 < io < n such that Mj 0 Am N n . To sim¬ 
plify the notation, we may assume that io = n. Since M n Am N n , choose v,po, ■ ■ ■ ,p n ,q(h ■ ■ ■, q-n 
and define P = {vM n v*)' n qN n q as in the conclusion of Lemma 15.21 We have 

qN n q = vM n v* ® P 

vM 0 v* ® vMiv* ® • • • <g> uM n _iu* = qNoq <g> • • • ® qN n _ 2 q ® qN n -\q ® P. 

Observe that using Lemma 15.31 the second equation implies that P is amenable. Since N n is 
not McDuff, qN n q is not McDuff either and hence the first equation implies that P is a type I 
factor. This implies in particular that N n ~m M n . 
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We may apply the induction hypothesis to 

vMfv* = vMqv* (g> vMiv* ® ■ ■ ■ (g> vM n -iv* = (P (§> qN 0 q ) <g> • • • (g> qN n _ 2 q ® qN n -\q 

and we obtain a permutation a £ 6 n _i such that P <8> qN^q vMqv* and qNjq ~ v m%v* 

vMp^v* for all 1 < j < n — 1. This implies that JVo ~m Mo {n.b. P is a type I factor) and 
iVj Ma(j) f° r all 1 < j < n — 1. Letting a(n) = n and regarding c € (5 n , we also have 
lV n ~m Ma(n) ■ This finishes the proof of the induction and hence the one of the existence of a 
permutation a £ <3 n satisfying the property as in the statement of Theorem 15.61 

We finally prove the uniqueness of the permutation a £ & n satisfying the property as in the 
statement of Theorem 15.61 Assume that there exists another permutation r £ 6 n satisfying 
the property as in the statement of Theorem 15.61 Observe that for all 1 < j < n, we have 
M a (j) Pm Nj and Nj Pm By Lemma HT2j(2), we have Nj P* M M r (f) and hence by 

Lemma 14.121 (3). we have Pm M t (j\ for all 1 < j < n. 

Now suppose by contradiction that a ^ r and fix 1 < j < n such that a(jf) ^ t(j). Let 
K C M a{j) be a diffuse abelian von Neumann subalgebra with expectation. By Lemma f4.8l we 
have I\ Pm M T (j) an( i hence K Pm since a(j) / t(J). Write k := a(j) for simplicity. 

Since K is diffuse, there exists a net of unitaries in U(K) that converges to zero a- 

weakly as i —>■ oo. Fix a product faithful normal state ip := ip, M*. Denote 
by E M k ■ M Mfc and E m% '■ M —> Mp the corresponding unique ^-preserving conditional 
expectations. Then for all a,b £ and all c,d£ M£, we have 

limsup ||E M c((fe ig) d)*Ui(a ® c))11^ = limsup \\d* E M^(b*Uia) c\\$ 
i i 

= limsup \\d*c\\^ \ip k (b*Uia)\ 
i 

= o. 

Hence by Theorem 14.31 (51. we obtain K ^m Tff. a contradiction. This shows the uniqueness 
of the permutation a £ © n satisfying the property as in the statement of Theorem 15.61 This 
finishes the proof of Theorem 15.61 □ 

Proof of Theorem HI We only need to show that if M = Mo (g> M\ <g) ■ ■ ■ (g> M m and N = 
Nq (g> N\ <S> ■ ■ ■ 0 N n are stably isomorphic then m = n, Mq and Nq are stably isomorphic, 
and there exists a permutation a £ 6 n such that an d Nj are stably isomorphic for all 

1 < j < n. 

By assumption, we have M (g> B(t' 2 ) = N <8> B(t 2 ). Using Proposition 12.101 and up to replacing 
Mi by Mi 0 B(£ 2 ) and N ± by JVi ® B(^ 2 ), we may further assume that M = N. 

First, assume that M is semifinite. In this case, we may assume that Mq,Nq are semifinite 
and Mi,..., M m , N\,, N n are Hi factors belonging to the class C(ao) ( see Proposition 12.1011 . 
Then Theorem [A] follows by applying twice Lemma 15.31 and Theorem 15.61 

Next, assume that M is of type III. In that case, we may assume that each of the factors 
Mi,..., M m ,Ni, ..., N n is either of type Hi or of type III and belongs to the class C(ao) ( see 
Proposition I2.10ll . Then Theorem [C] implies that each of the factors Mi,..., M m , N\..... N n 
possesses a state with large centralizer. Then Theorem [A] follows again by applying twice 
Lemma 15.31 and Theorem 15.61 □ 

Proof of Theorem [3 Observe that the factors N\,..., N n are not McDuff and hence nona- 
menable by Lemma 15.41 Then we can apply Lemma 15.31 to obtain (1) and Theorem 15.61 to 
obtain (2). 

If M\..... M n are moreover type III factors and n > 2, then M*, Mf , Nj , Np are type III 
factors for all 1 < i.j < n. Therefore, and Nj are unitarily conjugate inside M for all 

1 < j < n. □ 
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Appendix A. Relative modular theory and Jones basic construction 


Let N C M be any inclusion of cr-finite von Neumann algebras with faithful normal conditional 
expectation Ejv : M —> N. Let p^ be any faithful normal semifinite weight on N and put 
p := ipN o Etv- We have a canonical inclusion L 2 (N,p]\r) C L 2 (M, </?). Recall that the Jones 
projection effi : L 2 (M,p) —» L 2 (IV, p^) is defined by e^ N A p (x) := A ViV (E n(x)) for x £ n^,. 
In this appendix, we observe that the Jones projection eff : L 2 (M, ip) —> L 2 (A, p^) does not 
depend on the choice of the faithful normal semifinite weight pm on N. We refer to [ K 088 , 
Lemma A] for a similar statement involving states instead of weights. 

The following lemma is well known (see e.g. the proof of |Ta031 Theorem IX.4.2]). 


Lemma A.l. The following relations hold true: 

A v e^ N = effi A p = A w and 


J p VN _ 

< 'V e jV — C N 


<Pn t _ T 

U V> ~ J V>N- 


Fix another faithful normal semifinite weight ip^ on N and put ip := ip n ° E^v- Since the 
standard representation is unique thanks to fHW73l Theorem 2.3], there is a unique unitary 
mapping L 2 (M,p) —> L 2 (M,ip) that preserves the standard representation structure. 

Recall that is uniquely determined by the following two conditions (see |Ha731 Theorem 
2.3 and Remark 2.11] or [Ta03 , Lemma IX. 1.5]): 

(A.l) Uip,<p^$<p ^ip and L^y, 7 r^,(x) (x £ AJ), 

where itp and n^ are the corresponding GNS representations. Using the above uniqueness 
result, we have the following two possible constructions for 

The first construction deals with the case when <p and ip are faithful normal states on M 
(see |Ta031 Lemma IX.1.8] for this construction). One can define the unitary mapping V$ it p : 
L 2 (M, p) L 2 (M,ip) by V^, i¥ , 7 r ¥ ,(a:)A ¥ ,(l) = 7 r^(x)^ for x £ M, where is the unique 

vector implementing p £ Af*. Then is a well defined unitary mapping which satisfies the 
uniqueness conditions (IA.1D . Therefore, we have U^ jtp = 


The second construction deals with the more general case when p and ip are faithful normal 
semifinite weights on M (see the proof of jTa031 Lemma IX. 1.5] for this construction). Consider 
the balanced weight 0 := ip (Bp on Af®M 2 and recall that, using the notation in |Ta03l. VIII.§3], 
its corresponding J-map has the following form: 

Ji/i 0 

0 0 


Jr — 


J 


-1 

0 


0 

0 

0 


0 

0 

0 

J 




The unitary mappings J^J^ :lf and Jip., p J,p satisfy the uniqueness conditions (IA.1I) . Therefore, 
we have Uip^p — JipJip, P — J ip . P J P • 

Using this second construction, if we put IV 2 := N (g> M2 C Af (g 
Etv < 8 > r1m 2 : Af tg) M 2 —> N <S> M 2 , then we have 6 o Ejv 2 = 6. 


Jq = Jq&n* 2 ■ Observe that e ^” 2 is of the form 


Q\ n 2 


e \ n 2 


< M 2 with expectation Ejv 2 : = 
So by Lemma IA.11 we have 


b\ N 2 _ 
e N 2 ~ 


r 

e N 

0 
0 
0 


0 

■'N 

0 

0 


-N 


0 

0 

0 

a <PN 
-N j 


Thus, we obtain J^,# = and hence U,p pp = . By construction and the 

condition J e e ^ = Jg\ N2 , we conclude that Uip NitfiN = e% N Uip }tp = U t p >ip e 
this observation as follows. 


iPN 

N ■ 


We summarize 
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Proposition A.2. Let ipisr and i/’w be any faithful normal semifinite weights on N and put 
tp := (f]\r oEty and if := i/jn°En■ Then we have U^ N>ipN = ef^U^y, = . Thus, we have 

e% N = U^el N (U^y. 

The above proposition exactly means that the Jones projection e^f 1 : L 2 (M, tp) —> L 2 (N,<pn) 
does not depend on the choice of the faithful normal semifinite weight <pjv of N. Therefore, we 
simply denote it by : L 2 (M) -A L 2 (A). 

Combined with the first construction of above for faithful normal states ip,if G M*, 
we recover }Ko88 , Lemma A], Indeed, recall that : L 2 (M, <p) —> L 2 (M 1 if) is given by 

r ¥ ,(x)A ¥ ,(l) = vrp(x)^ for x G M, where G ip,/, is the unique vector implementing 
<p G M*. Thus, for all x G M, we have 

e%TT^(x)£ v = U^ jip e^7r ip (x)A v (l) = I7^7r ¥ ,(Ejv(a:))A v (l) = 7r^,(Ejv(a:))^. 

This is exactly [Ko88i Lemma A], 

Appendix B. Dimension theory for semifinite von Neumann algebras 

Dimension theory for right modules over semifinite von Neumann algebras. Let B 

be any semifinite von Neumann algebra with a faithful normal semifinite tracial weight Tr#. 
Let 1C = Kb be a right 5-module (i.e. there is a unital normal ^-homomorphism B op —>■ B(/C)). 
We note that injectivity of the ^-homomorphism is not assumed in this subsection. Then by 
Ta02. Theorem IV.5.5], there is a Hilbert space f 2 (I) and a projection p G B <S> B(l 2 (/)) such 
that 1C = p (L 2 (B, Trg) ®l 2 (I)) as right 5-modules. We define the right dimension of 1C with 
respect to (B , Tr#) by dim( S Trs ) 1C := Tr(p), where Tr := Tr# <S> Tr B (p(jy) for the unique trace 
Ti'b(£ 2 (/)) on B(C 2 (I)) satisfying Tr B ^ 2 (/))(e) = 1 for all minimal projections e. This definition 
depends neither on the choice of the Hilbert space £ 2 (I) nor on the choice of the projection 
p G B ® B(l 2 (I)). Indeed, if V, IT : 1C —> L 2 (5,TrB) (8 )£ 2 (I) are right B-modular isometries, 
since ITT* G (JbBJb <g> C)' = B ® B(£ 2 (I)), we have 

Tr(TT*) = Tr (TIT* ITT*) = Tr (ITT* TIT*) = Tr(ITIT*). 

For any Hilbert space £ 2 (I), any projections p £ B 0) B (l 2 (I)) and q G B with central support 
z := zs{q) G 2(B), regarding Jb( 7 JbL 2 (B, Tr#) = L 2 (Bg,Tr£), we have that 

(B.l) dim ((?B9jTrB((7 . 9)) p (L 2 (Bq, Tr#) <g) £ 2 (I)) = dim {Bz ^ b{ . z)) p (l?(Bz,Tr B ) ® i 2 (I)) 

= Tr (p(z <8> 1)). 

To see this, put po '■= p(z ( 8 > 1) and take projections {pj}j C B ®B (£ 2 (I)) such that po = J2jPj 
and pj ~ qj (8> e for some projections qj G gBg and a fixed minimal projection e G B(L 2 (A)) 
(use | iTa02l Lemma V.1.7] and Zorn’s lemma). Then we have the following right qBq -module 
isomorphisms 

po (L 2 (Bq)®£ 2 (I)) =^p j (L 2 (5( ? )®£ 2 (I)) = ©(</,■ ®e) (L 2 (Bg) <g> £ 2 (/)) ^ © qj L 2 (Bq), 

i j j 

where qBq acts diagonally by right multiplication on the right hand side. Since Tr s(qj) = 
Tr (qj (g) e) = Tr(pj), we obtain 

dim ( g S q )Tr£i( q.q))p 0 (L 2 (Bg) <g> £ 2 (/)) = ^TrB(gj) = ^Tr B (pj) = Tr(p 0 ). 

3 3 

Finally considering the case q = z, we obtain the desired equation 4E3D- 
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Dimension theory and Jones basic construction. Let B C M be any inclusion of von 
Neumann algebras with expectation Eb and p any faithful normal semifinite weight on B. 
Extend Eb : M — > B to Eb : (M, B) — > B by the formula E B (x)e B = for all x £ ( M, B). 

We define the corresponding faithful normal semifinite weight p on (M, B) as follows. Let q £ B 
be any projection such that zs(q) = 1 b = 1 m (possibly q = 1b), where zs(q) is the central 
support in B of the projection q £ B. Then it is easy to see that Z(M,B)( e BQ ) = Jzb{q)J = 1m, 
where J is the modular conjugation on L 2 (M, ip o E B ). Hence, there exists a family of partial 
isometries ('Uj)jg/ in ( M,B) such that v*Vi < qes for all i £ I and Yliei v i v * = 1m (use |Ta02i 
Lemma V.1.7] and Zorn’s lemma). Then using the identification qes{M, B)qes = qBqes — 
qBq, we can define the (not necessarily unital) normal ^-homomorphism 

7r : (M, B) -A qBq®B(I 2 {I)) : x ha E E b(v*xVj) <g) epj 

i,j£l 

where (ci.j)i.j is a matrix unit in B(t 2 (/)). Then (p := (p 0 Tr B ^ 2 //p) o it dehnes a faithful 
normal weight on (M,B). We have 

£( x ) = X] P(9 E B(wi®Vi)g), * G (M, B) + . 
iei 

Note that <p(qE B {v*xvi)q) = (xv i A ip (q),ViA ip (q)) ip if p(q) < +oo ( n.b. e^A^oE B {q) = 

We denote by qi £ qBq the unique projection such that q^es = qesv*ViqeB = v*Vi via 
qes{M, B)qes = qBqes■ Then ip is semifinite if <^(gE B ( • )g) is semifinite on v*(M, B)vi = 
qiBqies for all i £ I, which is equivalent to the semifiniteness of tp on q,.Bqi for all i £ I. If we 
assume p to be tracial on B, then p is semifinite on rBr for any projection r £ B and hence 
p is semifinite on (M,B). 

Let z £ Z(B) be any nonzero projection such that Bz is semifinite and observe that z° := 
JzJ £ Z((M, B)). Assume that the weight p is tracial on Bz and write Tybz '■= p{ • z)\b z on 
Bz. For any projection r £ M^ oEs , write L 2 (Mr, poEs) := Jr JL 2 (M, y?oE B ). In this setting, 
we show the following proposition. 

Proposition B.l. Keep the same notation as above. The following statements hold true. 

(1) The weight p(-z°) on ( M,B)z° is the unique faithful normal semifinite tracial weight 
which satisfies 

(B.2) p((x*e B x)z°) = Tybz(Eb(zxx*z)) 

for all x £ M. In particular, p{- z°) depends neither on the choice of the projection q 
nor on the choice of the partial isometries {vi}i as above. We denote this unique trace 
by Tr (m,b)z°- 

(2) For any projection p £ (M,B), we have 

di m ( Bz, T r Sz) pL 2 (Mz, p o E b ) = dim {qBqZtTlB (q. qz ))pL 2 (Mqz,poE B ) = Tr (M!B)2 o (pz°). 


In the case when z = 1^, we obtain the following corollary. 

Corollary B.2. Assume that B is semifinite with semifinite trace TV B . Let q £ B be a 
projection with central support 1 b in B. Then for any projection p £ (M,B), we have 

dhn (B)Trs) pL 2 (M,Tr oE b ) = dini (gBg]Trs(g . g)) pL 2 (Mg,Tr o E B ) = Tr {M)B )(p), 

where Tr (m,b) unique trace on ( M,B ) satisfying Tr (M,B)i x * e Bx) = Tr B (E B (xa;*)) for all 

x £ M. 

Remark B.3. In Corollary IB. 21 if we further assume that Tr B ((?) < +oo, then the dimension 
with respect to a semifinite trace Tr B can be given by the one with respect to the finite valued 
trace Tr s(q • q). Thus, we can use dimension theory for finite von Neumann algebras. 
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Remark B.4. We mention that if B is not semifinite but possesses a nonzero semifinite direct 
summand, we may replace B C M by a semifinite von Neumann subalgebra B C M with 
expectation. Indeed, let z £ ©(B) be a nonzero projection such that Bz semifinite. Then put 
B := Bz © C(1 m — z) and observe that B C M is a semifinite von Neumann subsalgebra with 
expectation E^ that coincides with Eb on zMz (here we assume that M(1m — z) is n-hnite). 
Observe that esJzJ = esz = e^z = e^JzJ and 

(. M,B)JzJ = (JBjyjzJ = (JBJ)'JzJ = {M,B)JzJ. 

It holds that Tr §)JzJ = Tr (m,b)JzJ on (M, B)JzJ by Proposition IB. ti ll . 

Proof of Proposition IB.il (1) It is easy to see that tt(z°) = 7r(l )(z © 1) and hence 7r((M, B)z °) 
is contained in qBqz®E{£ 2 (I)). Thus the weight (p{ ■ z°) = (</?©Ttb(£ 2 (/))) 07r (' z ° ) is tracial on 
(. M,B)z°. Observe that z°qeB = qzes and E B(z°xeBy) = zEb(x)Eb(v) for all x,y £ (M,B). 
Then for all x £ M, we have 

(p((x*e B x)z°) = Y j tp(qE B (z 0 v*x*eBXVi)q) 
i&I 

= y TTBz(zqEB(v*x*)E B (xvi)q) 
i&I 

= y Ti-B z (zE B {xvi)qE B (v*x*)) 
i£l 

= y cp(E B (z 0 xviqe B ViX*)) 
iei 

= p(E B {z 0 xy(vie B qv*)x*)) 
iei 

= ip(E B (z°xx*)) 

= Tr B z(E B (zxx*z)). 

This shows that (p satisfies (IB.2D for all x £ M. Let now p n £ Bz be an increasing sequence of 
projections converging to 1 m er-strongly and such that Tr Bz(Pn) < +oo for all n £ N. Then the 
trace (p{-z°) takes finite values on the cr-weakly dense subset (J ngN Mp n eBP n M in (M,B)z° 
and hence, by [Ta031 Proposition VIII 3.15], Tr (m,b)z° := P(' z °) is the unique faithful normal 
semifinite trace on (M,B)z° which satisfies 

Tl {M,B)z°(i x * e Bx)z°) = Tt B z(Eb(zXX*z)) 

for all x £ U nVnM. 

(2) Let p £ (M, B) be any projection. Up to replacing p by pz° if necessary, we may assume that 
p < z°. Since qes has central support 1 m, there exists families of partial isometries ('Uj 1 )i ie / 1 , 
(w i2 )i 2el2 in (M, B) such that < qe B for all i\ £ h,i 2 £ h, u n u h = P 

and Yli 2 &i 2 w i 2 w i 2 = 1m ~ P- Put I := I\ U I 2 and in this case, the ^-homomorphism ir above 
is given by 

7T : (M, B) -A qBq © B(£ 2 (I)) : x i-A y E B (tt* 1 x« J1 ) ©eq^ + y E B (w* 2 xWj 2 ) ©e; 2j2 . 

il,jl €h 

Since <p( ■ z°) does not depend on the choices of q and one has 

Tr (m,B)z°{p z °) = P{pz°) = y viqEsiu^UiJq) = y ip(p h ), 

ii&h h&h 

where p tl := qEsiu^Ui^q = E£ qBq. We claim that p tl is a projection in qBqz. For 
this, recall that uf u n < qes and u^u*^ < p < z°. Since z° is in the center of (M, B), one has 
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it* u n = u* 1 z°Ui 1 < qesz 0 = qzes■ Then observe that 

Vh e B = EsiuluiJeB = esu^u^eB = a*) 7% 
which shows that pi x is a projection in qBqz. 

We next show that dim( qB qz,Tr B (q-qz))PJQ z JL 2 (M, ip o Er) = J2i 1 ei 1 t P(Ph)- Since the right 
hand side coincides with Tr^ M B )z o (pz°) and is independent of the choice of q, we also have 
dini( B , iTrs2 ) pL 2 (Mz, ip o Eg) = Ty(m,b) z °{p z °) by considering q = 1 b- This will therefore 
complete the proof. 

Since p = JT u- n uf G (M,B) = ( JBJ )', we have a right H-module isomorphism 

pL 2 (M, p o E B ) = ]T a n <L 2 (M, <p o Er) © <L 2 (M, p o Er), 

u u 

where B acts by right multiplication diagonally on the right hand side. We have u* L 2 (M, ip o 
Er) = n* 1 7 ij 1 L 2 (M, ip o Er), since u n is a partial isometry. Observe then that 

7 x* 1 Uj 1 L 2 (M, p o E b ) = p il e B E 2 (M, ip o E B ) = p il L 2 (B, ip) = p h L 2 (qzB, ip) 
and hence we have the following right qBqz- module isomorphism 

pJqzJL 2 (M, tpoE B ) = ^p h JqzJL 2 (qzB,(p) = (^p h L 2 (qBqz,ip). 

h h 

This shows that dim^R^n B (qq Z ))PJQzJL 2 (M, tp oE B ) = T,heh ViPh )■ D 


Appendix C. Free Araki-Woods factors satisfy the strong condition (AO) 

It was proved in [Ho07l Chapter 4] that all the free Araki-Woods factors satisfy Ozawa’s 
condition (AO). In this appendix, we strengthen this result by showing that all the free Araki- 
Woods factors satisfy the strong condition (AO) from Definition 12.61 

Let Hr be any real Hilbert space and U : R —> 0(Hr) any orthogonal representation. Denote 
by H = Hr< 8 >rC = Hr©1Hr the complexified Hilbert space, by I : H —> H : £+i rj i-a £—irj the 
canonical anti-unitary involution on H and by A the infinitesimal generator of U : R — > U(H), 
that is, Ut = A lt for all t G R. Observe that j : Hr —> H : f i-A ( ^-i +1 ) 1,/2 C defines an 
isometric embedding of Hr into H. Moreover, we have IAI = A -1 . Put A'r := j'(Hr). It is 
easy to see that Hr n iHR = {0} and that Hr + i/iR is dense in H. Write T = IA^ 1 / 2 . Then 
T is a conjugate-linear closed invertible operator on H satisfying T = T _1 and T*T = A -1 . 
Such an operator is called an involution on H. Moreover, we have dom(T) = dom(A -1 / 2 ) and 
Hr = {£ G dom(T) : Tf = £}. In what follows, we will simply write 

£ + b? := T(£,+ir]) = £ - b?,V£,r? G Hr. 

We introduce the full Fock space of H: 

OO 

.F(H) = CSl 0 ®H® n . 

n= 1 

The unit vector D is called the vacuum vector. For all £ G H, define the left creation operator 

m : HH) HH) by 

r = 

1 *(£)(& ® • • • ® £n) = £ ® Cl ® • • • ® £n- 

We have ||^(0lloo = ||£|| an d £(£) is an isometry if ||£|| = 1. For all £ G Hr, put W(£) : = 
£(£) + £(£)*. The crucial result of Voiculescu [VDN92 . Lemma 2.6.3] is that the distribution of 









38 


CYRIL HOUDAYER AND YUSUKE ISONO 


the self-adjoint operator W (£) with respect to the vector state ipu = (• Q, Q) is the semicircular 
law of Wigner supported on the interval [—2||£||, 2||£||]. 

Definition C.l (Shlyakhtenko, |Sh96j ). Let Ar be any real Hilbert space and U : R —>• O(Hn) 
any orthogonal representation. The free Araki-Woods von Neumann algebra associated with 
(Hr, Ut ), denoted by P(Ar, Ut)", is defined by 

r(A r, Ut)" := {W(£) : £ € Ar}". 

We will denote by T(Hn,Ut) the unital C*-algebra generated by 1 and by all the elements 
IP(£) for £ 6 Ar. 

The vector state ipu = (■ fi, Q) is called the free quasi-free state and is faithful on P(Ar, Ut)". 
Let £, r; £ Ar and write £ = £ + by. Put 

W(C) := LF(£) + i W { r ,) = £(<?) + £(()*. 

Note that the modular automorphism group (crf u ) of the free quasi-free state ipjj is given by 
af u = Ad (iF(Ut)), where FlfUf) = lcn © © n >i Uf n . In particular, it satisfies 

<rf u (W{Q) = W(UtC),y c G Kn + iA R , Vt € R. 

It is easy to see that for all n > 1 and all £i, • • •, Cn £ Kn + iAR, Cl ® • • • ® Cn £ T(Ar, L£)B. 
We will denote by W(Ci © • • • © Cn) £ T(Rr, Ut) the unique element such that 

Ci©---©Cn = LP(Ci©---©Cn)^- 

We refer to [HRT4I Section 2] for further details. Note that since inner products are assumed 
to be linear in the first variable, we have £(£)*£(tj) = (£, 77 ) 1 = (t 7,£)1 for all £,77 £ H. In 
particular, the Wick formula from IHR14L Proposition 2.1] is 

ip(£i © ■ ■ ■ © £r)iP (m © ■ ■ ■ © Vs) 

= IP(£l © • • • © £r © ?7l © • • • © Vs) + (£ r ,T7l)W(£i © • • • © £r—l)IP(% © • • • © Vs) 
for all £ 1 ,...,£ r , 771 , ... ,rj s £ Kn + lAr. 

The main result of this appendix is the following theorem. 

Theorem C.2. Let U : R —>• O(Hn) be any orthogonal representation on a separable real 
Hilbert space. Then the von Neumann algebra T(Hn,Ut)" satisfies the strong condition (AO). 

Proof. Put M := T(Hn,Ut)" and denote by (M, A, J, *$) a standard form for M. We will 
use the identification A = MQ = T(H). Put A := T(Ar, At) and C := C*(L(£) : £ €E A"r). 
Observe that the unital C*-algebra C is always nuclear. Indeed, if dirnAR < + 00 , then C is 
an extension of OdimH R by the compact operators (see jCu77l. Proposition 3.1]) and hence is 
nuclear by !>!()( > Proposition IV.3.1.3]. If dim Ar = + 00 , then C = 0 00 and hence is nuclear. 
By construction, the unital C*-algebra dcMflCis exact and c-weakly dense in M. 

Put A an := U A>1 1[a-i,a] (A)(H) C Ar + iA R . Observe that A an C Ar + i/i R is a dense 
subspace of elements 77 £ Kn + IAr for which the map R —» Ar + iAR : t i-a At 77 extends 
to an (A"r + iAR)-valued entire analytic map and that A an = A an . For all 77 £ A an , the 
element W(rj) is analytic with respect to the modular automorphism group (crf u ) and we have 
erf 7 (IP(t?)) = W(A lz r]) for all z £ C. Denote by A C A the unital C*-algebra generated 
by 1 and by all the elements W(£) for £ £ A an . Since A is uniformly dense in A, it follows 
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that A is ex-weakly dense in M and exact. Moreover, for all ij £ K an , all n > 1 and all 
Cl) ■ ■ ■ >Cn ^ I'ri + ii^R, using IHR14. Proposition 2.1] and [Ta03 . Lemma VIII.3.10], we have 

JW(r])J (Cl ® • • • ® Cn) = j IV(Cl ® ■ • ■ ® Cn)^ 

= IV(Ci®---®Cn)^ / 2 (IV(77)*)L! 

= IV(Ci®---®Cn)^f / 2 (TV(?7))L! 

= TV(Ci <8> • • • <8> Cn ® v4 1/2 r/)fl + VF(Ci ® • • • ® Cn-l)^ 

= Cl ® • • • <8> Cn ® -4 1/2 r/ + (C„, A 1 / 2 !]) Cl ® ■ ■ ■ ® Cn—1 • 

Let C £ Rr and ij £ iL an . Using the above equation, we have 

£(C) JW{rj)jn = €(C) fV(A 1/2 r/)n 

= £(£) A 1/2 r/ 

= C ® ^ 1/2 r? 

JW(r])Jl(t)n = JW {rj)J £ 

= C ® A 1 / 2 !] + (£, A l / 2 rj) U. 

For all n > 1 and all Ci> ■ ■ • >Cn £ Rr + UTr ; using the above equation, we moreover have 

^(0 JIU (17) J (Cl ® ■ ■ ■ ® Cn) = ^(C) (Cl ® ■ ■ ■ ® Cn <H> A 1/2 rj + (C n , ^ 1/2 ??) ^ (g) • • • ® Cn-i) 

= C ® Cl ® • • • ® Cn ® A 1 / 2 !] + (C n , A 1 / 2 ?/) C ® Cl ® ■ ■ ■ ® Cn—1 

JW(ri)J£(Z) (Ci ® ■ ■ ■ ® Cn) = JW(rj)J (C ® Ci ® • ■ ■ ® Cn) 

= C ® Cl ® • • • ® Cn ® ^ 1 / 2 1 ? + (Cn) A1/27 n) C ® Cl ® ■ ■ ■ ® Cn— 1 - 

This shows that [£(C), JW{rj) J] = (£, A 1 / 2 !)) Pen and hence [£(C), JW{rj) J] £ K(iL). Therefore, 
we obtain [C, JAJ] C K(Lf) and hence M satisfies the strong condition (AO). □ 
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